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ABSTRACT
In recent years, the study of electromagnetic wave interaction with artiﬁcial media has
been the subject of intense research interest due to their extraordinary properties such as
negative refraction, partial focusing, enhanced transmission, and spatial ﬁltering, among
others. Artiﬁcial media are crystals of various periodic metallic inclusions with dimensions
of the order of λ/10 - λ/4. When compared to natural materials, the inclusions are, thus,
not as small in terms of the wavelength, even in the optical band. Therefore, one should
expect the electrodynamics of these media to be inherently non-local, characterized by
strong spatial dispersion eﬀects.
The dissertation includes two parts and focuses on the electromagnetic wave propagation in metamaterials formed by stacked metasurfaces and structured wire media.
In the ﬁrst part, we propose physical systems that mimic the observed behavior of
stacked metal-dielectric layers at optical frequencies, but in the microwave region of the
spectrum using stacked metascreens, and at low-THz using graphene-dielectric stack. The
analysis is carried out using simple analytical circuit model or transfer matrix method with
the homogenized impedance for the metasurfaces. The physical mechanisms of the observed behavior is clearly explained in terms of the open/coupled Fabry-Pérot resonators.
The methodology can be useful in the design of wideband planar ﬁlters based on these
metasurfaces with a speciﬁc response.
The second part focuses on the development of homogenization models for wire medium
loaded with arbitrary impedance insertions and metallic patches, to characterize negative
refraction, partial focusing, and subwavelength imaging. We propose a new concept of
suppressing the spatial dispersion eﬀects in the wire media by employing lumped inductive loads. Based on the proposed concept, we demonstrate an ultra-thin structure which
exhibits indeﬁnite dielectric response, all-angle negative refraction and high transmission.
Also compact electromagnetic band-gap structure with a huge stopband for surface-wave
propagation is presented, which ﬁnds application in antenna technology. Partial focusing of electromagnetic radiation at microwave frequencies from a thick wire medium slab
with periodic impedance loadings is detailed. Numerical simulation and homogenization
results are presented in good agreement. Finally, the subwavelength imaging using wire
ii

medium with impedance loadings is demonstrated.
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Chapter 1
INTRODUCTION
The history of homogenization methods describing the interaction of electromagnetic
waves with materials/matter (formed by a large number of periodic metal-lattices/atoms)
goes a long way back [1, 2]. Typically, these methods are applied when the size of the
material inclusions is small compared to the wavelength of the incident wave. In such
cases, the microscopic ﬂuctuations are averaged out to obtain smooth and slowly varying
macroscopic quantities that can be used to characterize the long range variations of the
electromagnetic waves [3].
Recently, a new wave of interest in the homogenization methods appeared mostly
because of growing interest in the research area of metamaterials. Metamaterials are
artiﬁcially created, engineered materials that exhibit extraordinary electromagnetic properties not readily available in natural materials, such as negative refraction [4–9], partial
focusing [10, 11], and sub-wavelength imaging [12–14], among others. Typically, all these
materials (metamaterials) are crystals of various metallic inclusions with dimensions of
the order of λ/10 − λ/4. When compared to natural materials, the inclusions in metamaterials are, thus, not as small in terms of the wavelength as, for example, atoms or
molecules in the natural materials even in the optical band. Therefore, one should expect
the electrodynamics of these media to be inherently non-local (characterized by strong
spatial dispersion (SD) eﬀects). It should be noted that the emergence of the SD does
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not preclude a material from being homogenized, but it makes the analysis more diﬃcult.
Many electromagnetic problems involving non-local (spatially dispersive) media cannot
be uniquely solved without applying additional boundary conditions (ABCs). This is
because the independent eigenwaves in such media typically outnumber the eigenwaves
in local materials. Even the classic Maxwellian boundary conditions that are derivable
directly from the Maxwell equations in the case of local media cannot be obtained, in
general, in the same manner for an interface of two spatially dispersive materials.
In this work, we consider a particularly interesting case of a metamaterial that possesses such an extremely pronounced spatial dispersion that it has to be considered even
in the very long wavelength limit: in quasi-static [15]. This material is the so-called wire
medium (WM). A uniaxial WM is a collection of long (theoretically inﬁnite) cylindrical
conductors (wires) that are all oriented along the same axis. Such a medium behaves
as artiﬁcial plasma for waves polarized along the wires and propagating perpendicular
to them; however, it also behaves as a medium in which waves that are evanescent in
free space can propagate along the wires to distances orders of magnitude larger than the
wavelength. In [16, 17] the scattering of a plane wave by a grounded WM slab with wires
normal to the interface was studied using eﬀective medium theory, with the ABCs derived
at the interfaces of the WM with air, and at the connection to the ground plane. Later,
the study was extended to characterize the reﬂection properties from mushroom-type
high-impedance surface (HIS) clearly explaining the role of SD in these structures [18,19].
Speciﬁcally, in [18, 19] it has been shown based on nonlocal and local homogenization
models that the periodic metallic vias in the mushroom structure can be treated as a
uniaxial continuous Epsilon-Negative (ENG) material loaded with a capacitive grid of
patches, with a proper choice of the period and the thickness of the vias. Based on these
ﬁndings, in this work we show that by periodically attaching metallic patches to an array
of metallic wires (when SD eﬀects are signiﬁcantly reduced) it is possible to mimic the
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observed phenomenon of negative refraction from an array of metallic nanorods at optical
frequencies, in the microwave regime [20].
Here, ﬁrst we start with the analysis of the electromagnetic wave propagation through
stacked metasurfaces separated by dielectric slabs (or simply air) in the microwave regime.
Metasurfaces can be regarded as artiﬁcially created 2-D periodic surfaces formed with subwavelength scatterers (nonresonant elements) of arbitrary shape. In the case of stacked
metascreens (periodic surface formed with narrow connected perpendicular strips), we
show that it is possible to mimic the observed transmission behaviour of the metaldielectric stack at optical frequencies, but in the microwave regime [21]. Also, we report
an electromagnetic ﬁltering structure formed with stacked metafilms (periodic surface
formed with non-connected square metallic patches), which can be considered as a quasicomplimentary version of the stacked metascreens [22]. The propagation characteristics
are studied using simple circuit-like models clearly explaining the relevant physical mechanisms of the observed transmission resonances. The analytical expressions of the metasurfaces (sub-wavelength grids comprised of meshes/patches), are obtained from the full-wave
scattering problem with the use of an averaged impedance boundary condition, expressed
in terms of eﬀective circuit parameters [23]. We show that, it is possible to mimic the
observed behaviour of stacked dielectric-metameshes at microwaves, in the low-terahertz
regime by replacing the metascreens with atomically thin graphene sheets [24]. Additionally, as an application we show the possibility of designing planar ﬁlters which exhibits
band-stop and band-pass characteristics.
Then, we consider the case of the uniaxial WM periodically loaded with patch arrays,
and characterize negative refraction by the suppression of SD eﬀects at microwaves and
low THz frequencies. We further extend the theory of [16, 17] and study the general case
where metallic wires are connected to arbitrarily distributed or lumped loads or to another
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WM with diﬀerent parameters. We will show that it is possible to derive generalized additional boundary conditions (GABCs) in a quasi-static approximation [25] by including
arbitary junctions with impedance insertions (as lumped loads) [26]. Based on the derived
GABCs, the reﬂection properties and natural modes (surface waves and leaky waves) of
the mushroom-type HIS surface with impedance loadings at the connection of the vias
to the ground plane are studied. It is observed that the reﬂection characterstics depend
strongly on the type and the value of the load. Next, the transmission properties of the
arbitary loaded WM structures are studied based on the developed homogenization models, explaining the possibilities of suppressing the SD eﬀects. We show that it is possible
to design ultra-thin structure, which exhibit all angle negative refraction. Furthermore,
it is shown that the uniaxial WM with impedance loadings may exhibit partial focusing
and evanascent wave ampliﬁcation.
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Part I
Homogenization of Metasurfaces
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Chapter 2
TRANSMISSIVITY OF STACKED
METASURFACES FORMED WITH
METALLIC MESHES
This chapter studies the transmission of electromagnetic waves through stacked twodimensional (2-D) conducting meshes. The analysis will be carried out using simple
analytical circuit-like model, when possible the application of this methodology is very
convenient since it provides a straightforward rationale to understand the physical mechanisms behind measured and computed transmission spectra of complex geometries. Also,
the disposal of closed-form expressions for the circuit parameters makes the computation eﬀort required by this approach almost negligible. The model is tested by proper
comparison with previously obtained numerical and experimental results.

2.1

Introduction

The use of periodic structures to control electromagnetic wave propagation and energy
distribution is nowadays a common practice in optics and microwaves research. Since
the introduction of photonic band gap (PBG) structures by the end of 1980’s [27, 28],
hundreds of papers have been published exploring the theoretical challenges and practical
realizations of such kind of structures. Although, most of the published papers dealt with
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3-D periodic distributions of refraction index, 1-D periodic structures have also attracted
a lot of interest in the optics community. The analysis of 1-D structures requires much less
computational resources, while such structures still exhibit many of the salient features
observed in 3-D photonic crystals. Moreover, 1-D periodic structures are interesting per
se due to their practical applications in layered optical systems. For instance, although
extremely thin metal layers are highly reﬂective at optical frequencies, the superposition
of a number of these layers separated by optically thick transparent dielectric slabs has
been shown to generate high transmissivity bands [29, 30]. Although, Fabry-Pérot (FP)
resonances can be invoked as the underlying mechanism behind this enhanced transmissivitty, it will be explained in this work that PBG theory can also be used if the number
of unit cells is large (each unit cell involves a thin metal ﬁlm together with a thick dielectric slab). When the number of unit cells is ﬁnite, the transmission spectrum for each
transmission band presents a number of peaks equal to the number of FP resonators that
can be identiﬁed in the system. (Totally transparent bands without peaks have also been
reported [31], although that interesting case will not be considered in this work). The
highest frequency peak is associated with a low ﬁeld density inside the metal ﬁlms, while
the lowest frequency peak corresponds to a situation where ﬁeld inside the metal layers is
relatively strong (the possibility of achieving ﬁeld enhancement inside a nonlinear region
using those stacked structures has been explored in [32]). However, all these interesting
properties are lost at lower frequencies, below a few dizaines of THz. This is because
electromagnetic waves inside metals at optical frequencies exist in the form of evanescent
waves (the real part of the permittivity of a metal at optical frequencies is relatively large
and negative, the imaginary part being smaller or of the same order of magnitude). These
evanescent waves provide the necessary coupling mechanism between successive dielectric
layers (Fabry-Pérot resonators) separated by metal ﬁlms. At lower frequencies, metals
are characterized by their high conductivities (or equivalently, large imaginary dielectric
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constants), in such a way that almost perfect shielding is expected even for extremely thin
ﬁlms a few nanometers thick [33]. Therefore, the method reported in [29, 30, 32] cannot
be used in practice to enhance transmission at microwave or millimeter-wave frequencies.
Here, we propose physical systems that mimic the observed behavior of stacked metaldielectric layers at optical frequencies, but in the microwave region of the spectrum [34]
(a similar structure was analyzed experimentally in [35]). In these systems, the metal
ﬁlms found in optical experiments are substituted by perforated metal layers (2-D metallic meshes). The resulting metal-dielectric stacked structure is shown in Fig. 2.1. In this
work, the period of the distribution of square holes and the holes themselves are small
in comparison with the free-space wavelength of the radiation used in the experiments
and simulations. Since we operate in the non-diﬀracting regime, surface waves cannot be
diﬀractively excited to induce enhanced transmission phenomena such as those reported
in [36]. Due to the small electrical size of the lattice constant of the mesh, very poor transmission is expected for every single grid, alike the metallic ﬁlms of the above mentioned
optical systems. However, the grid provides a mechanism for excitation of evanescent
ﬁelds. If the operation frequency is low enough, as it is the case considered in this letter,
the evanescent ﬁelds are predominantly inductive (i.e., the magnetic energy stored in the
reactive ﬁelds around the grid is higher than the electric energy). Therefore, the eﬀective
electromagnetic response of the mesh layer is similar to that of Drude metals in the visible regime. If a number of periodically perforated metallic screens is stacked as shown in
Fig. 2.1, the situation resembles the original optical problem previously discussed. The
diﬀerence is that, in the microwave range, the reactive ﬁelds spread around the holes of
the perforated screens while they are conﬁned into the metallic ﬁlms in the optical range.
However, if the separation between successive metallic meshes is large enough (roughly
speaking, larger than the periodicity of the mesh itself), evanescent ﬁelds generated at
each grid do not reach the adjacent ones. In such situation a full analogy can be found
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between the stacked slabs in the optical system and the stacked meshes in the microwave
system. However, periodic structures (with periodicity along the propagation direction or
along the direction perpendicular to propagation) have been analyzed in the microwave
and antennas literature for several decades using circuit models [37,38]. Indeed, problems
closely related to the one treated in this work have been analyzed following the circuit approach in [39, 40], for instance. More recently, 2-D periodic high-impedance surfaces have
also been analyzed following the circuit-theory approach [23]. Even the extraordinary
transmission phenomena observed through perforated metal ﬁlms (which are associated
with the resonant excitation of bound surface waves [36]) have been explained in terms
of circuit analogs with surprisingly accurate results [41, 42]. Since circuit models provide a very simple picture of the physical situation and demand negligible computational
resources, we will explore these advantanges to explain the behavior of stacked grids.
Our ﬁrst goal here is to show how a circuit model, whose parameters are analytically
known, reasonably accounts for the experimental and numerical results reported in [35].
As stated above, this methodology is a common practice in microwave engineering and
the reader can ﬁnd a systematic and elegant description in a relatively recent book by S.
Tretyakov [43]. Apart from avoiding lengthy and cumbersome computations, the circuit
modeling provides additional physical insight and, most importantly, a methodology to
design devices based on the physical phenomena described by the model. The circuit
approach is also used to extract some general features of the transmission frequency bands
through the analysis of an inﬁnite structure with periodically stacked unit cells along the
direction of propagation. The relation between the ﬁnite and the inﬁnite structures is
studied in the light of the equivalent circuit modeling technique [21].
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Figure 2.1. (a) Exploded schematic (the air gaps between layers are not real) of the ﬁve stacked copper
grids separated by dielectric slabs used in the experiments reported in [35]. This is an example of the type of
structure for which the model in this work is suitable. (b) Top view of each metal mesh.

2.2

Stacked grids and unit cell model

An example of the kind of structures analyzed in this chapter is given in Fig. 2.1. The
system is composed by a set of stacked metallic grids printed on dielectric slabs. This
is the multilayered structure fabricated and measured in [35]. Five copper grids, printed
on a low-loss dielectric substrate using a conventional photo-etching process, are stacked
to produce an electrically thick block, whose transmission characteristics at microwave
frequencies are the subject of this study. The copper cladding thickness is tm = 18 µm,
and the thickness of each of the low-loss dielectric slabs (Nelco NX9255) separating copper
meshes is h = 6.35 mm. The relative permittivity of the dielectric material is εr ≈ 3. The
loss tangent used in the simulations is tan δ = 0.0018. The lattice constant of the grid is
D = 5.0 mm, and the side length of square holes is wh = 4.85 mm (thus the metallic strips
conforming the mesh are wm = 0.15 mm wide). When a y-polarized (or x-polarized wave)
uniform transverse electromagnetic plane wave normally impinges on the structure, the
ﬁelds are identical for each of the unit cells of the 2-D periodic system. Taking into consideration the symmetry of the unit cell and the polarization of the impinging electric ﬁeld, a

10

single unit cell such as that shown in Fig. 2.2 can be used in the analysis. Thus, we have a

Figure 2.2. (a) Transverse unit cell of the 2-D periodic structure corresponding to the analysis of the normal
incidence of a y-polarized uniform plane wave on the structure shown in Fig. 2.1 (“pec” stands for perfect
electric conductor, and “pmc” stands for perfect magnetic conductor). (b) Equivalent circuit for the electrically
small unit cell (D meaningfully smaller than the wavelength in the dielectric medium surrounding the grids);
Z0 and β0 are the characteristic impedance and propagation constant of the air-ﬁlled region (input and output
waveguides); Zd and βd are the same parameters for the dielectric-ﬁlled region (real for lossless dielectric and
complex for lossy material). (c) Unit cell for the circuit based analysis of an inﬁnite periodic structure.

number of uniform sections equivalent to parallel-plate waveguides, ﬁlled with air or with
the above mentioned dielectric material, separated by diaphragm discontinuities. This is
a typical waveguide problem with discontinuities, as those commonly considered in microwave engineering practice [37]. Since a single transverse electromagnetic (TEM) mode
is assumed to propagate along the uniform waveguide sections (higher-order modes operate below their cutoﬀ frequencies, or equivalently, it is assumed a non-diﬀacting regime),
the circuit model shown in Fig. 2.2(b) gives an appropriate description of the physical
system in Fig. 2.2(a). The shunt reactances in this circuit account for the eﬀect of the
below-cutoﬀ higher-order modes scattered by each of the discontinuities. This model is
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valid provided the attenuation factor of the ﬁrst higher-order mode generated at the discontinuities is large enough to ensure the interaction between successive discontinuities
through higher-order modes can be neglected. The ﬁrst higher-order modes that can be
excited by the highly symmetrical holes under study are the TM02 and TE20 parallel-plate
waveguide modes (TM/TE stands for transverse magnetic/electric to the propagation direction). The cutoﬀ wavelength for these modes is λc = D. The attenuation factor for
frequencies not too close to cutoﬀ (fc ≈ 60 GHz for the air-ﬁlled waveguides and 34.7 GHz
√
for the dielectric-ﬁlled sections) is αTM02 = αTE20 ≈ 2π/( εr D). Since D = 5.0 mm and
the separation between the perforated screens is 6.35 mm, the amplitude of the higherorder modes excited by each discontinuity at the plane of adjacent discontinuities is clearly
negligible. Thus, the simple circuit in Fig. 2.2(b) should be physically suitable for our
purposes as long as the interaction between adjacent diaphragms takes place, exclusively,
through the transverse electromagnetic waves represented by the transmission line sections.
The parameters of the transmission lines in Fig. 2.2(b), propagation constants (β0 for
air-ﬁlled sections and βd for dielectric-ﬁlled sections) and characteristic impedances (Z0
and Zd ), are known in closed form. The expressions for those parameters are
√
ω
; βd = εr (1 − j tan δ) β0
β0 =
c
√
√
µ0
µ0
1
√
Z0 =
; Zd =
ε0
ε0 εr (1 − j tan δ)

(2.2.1)
(2.2.2)

where ω is the angular frequency and c the speed of light in vacuum. Note that, due to
losses, Zd and βd are complex quantities with small (low-loss regime) but non-vanishing
imaginary parts.
Unfortunately, no exact closed-form expressions are available for the reactive loads,
Zg , in Fig. 2.2(b). As mentioned before, these lumped elements account for the eﬀect
of below-cutoﬀ higher-order modes excited at the mesh plane. A relatively sophisticated
numerical code could be used to determine these parameters. In such case, however, no
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special advantage would be obtained from our circuit analog, apart from a diﬀerent point
of view and some additional physical insight. However, for those frequencies making the
size of the unit cell, D, electrically small, accurate estimations for Zg are available in the
literature. For wm ≪ D the grid mainly behaves as an inductive load with the following
impedance for normal incidence [23]:
Zg = jωLg ; Lg =
where η0 =

η0 D [ ( πwm )]
ln csc
2πc
2D

(2.2.3)

√
µ0 /ε0 ≈ 377 Ω is the free-space impedance. Ohmic losses can also be

taken into account using the surface resistance of the metal (copper), since the skin
√
eﬀect penetration depth, δs = 2/(ωµ0 σ), is much smaller than the thickness of the
metal strips in our case. This resistance, series connected with the inductance in (2.2.3),
is given by Rg = D/(σwm δs ). In Ref. [23], the analytical expressions are obtained as a
solution of full-wave scattering from a dense array of thin parallel conducting wires with an
application to model various dense periodic arrays (meshes/patches). The grid expressions
are then obtained in terms of the eﬀective circuit parameters with the averaged impedance
boundary conditions [23, 43]. This analytical model is not valid when the period of the
unit cell is comparable to the eﬀective wavelength (higher-order Floquet modes start
propagating).
Since the formulas for Zg are not exact and the model has some limitations (for
instance, the unit cell has to be electrically small enough), the predictions of our model
must be checked against experimental and/or numerical results. This will be done in the
forthcoming section.

2.3

Comparison with numerical and experimental data

As a ﬁrst test for our model, in Fig. 2.3 we compare its predictions with the numerical and
experimental results reported in [35] for the transmissivity of the ﬁve stacked grids studied
13

in that paper. Experimental, numerical (simulations based on the ﬁnite elements method
implemented into the commercial code [44]), and analytical (circuit-model predictions)
results are included in this ﬁgure. We can clearly appreciate how two bands, consisting of
1
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Figure 2.3. Transmissivity (|T |2 ) of the stacked grids structure experimentally and numerically studied in
[32]. HFSS (FEM model, FEM standing for ﬁnite elements method) and circuit simulations (analytical data)
are obtained for the following parameters [with the notation used in Fig. 2.1]: D = 5.0 mm, wm = 0.15 mm,
h = 6.35 mm, tm = 18 µm; metal is copper and the dielectric is characterized by εr = 3 and tan δ = 0.0018.
The four resonant modes in the ﬁrst band are labeled as A, B, C, and D in the increasing order of frequency.

two groups of four transmission peaks separated by a deep stop band, are predicted by the
present analytical model, in agreement with the experimental results in [35] (no HFSS
simulations were reported for the second band in that paper). In the frequency range
where the metal mesh is reasonably expected to behave as a purely inductive grid (well
below the onset of the ﬁrst higher-order mode in the dielectric-ﬁlled sections, at approximately 34.7 GHz for the dielectric material and cell dimensions involved in this example),
the quantitative agreement between analytical and experimental/numerical data is very
good. The quality of the analytical results, however, deteriorates when the frequency increases (second band). A possible explanation for the disagreement is that the inductive
model is not expected to capture the behavior of the near ﬁeld around the strip wires at
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the higher frequencies of the second transmission band (it can be conjectured that capacitive eﬀects cannot be ignored at high frequencies). Indeed, the eﬀect of adding a small
shunt capacitance would be to slightly shift the peaks to lower frequencies, thus improving
the qualitative matching to experimental results. Unfortunately, no closed form expression has been found for that capacitance. On the other hand, dielectric losses at that
frequency region appears to be higher than expected from the loss tangent used in the
circuit simulation (nominal value for the commercial substrate). Likely, loss tangent of the
dielectric slab is much higher than supposed, in such a way that the height of transmission peaks could be adequately predicted with our model provided the true loss tangent
is used in the simulation. In spite of these quantitative discrepancies aﬀecting the high
frequency portion of the transmission spectrum, reasonable qualitative agreement can still
be observed even in the second transmission band (four transmission peaks distributed
along, approximately, the same frequency range for the analytical model and measured
data). This is because the model in Fig. 2.2 is still valid at those frequencies, except
for the eﬀects above mentioned (Zg should be diﬀerent and losses higher). Nevertheless,
the essential fact is not modiﬁed: we have four FP cavities strongly coupled through the
square holes of each grid; i.e., four transmission line sections separated by predominantly
reactive impedances. Note that this point of view is somewhat diﬀerent and alternative to that sustained in [35], which is based on the interaction between the standing
waves along the dielectric regions and the evanescent waves in the grid region, although
compatible with it. The diﬀerence is that the evanescent ﬁelds are not considered to be
exclusively conﬁned to the interior of the holes (which are regarded in [35] as very short
sections of square waveguides operating below cutoﬀ or, equivalently, as imaginary-index
regions). The reactive ﬁelds yielding the reactive load, Zg , are now considered to extend
over a certain distance, from the position of each grid, inside the dielectrics. Under the
present point of view, the thicknesses of the grids are not relevant if they are suﬃciently
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small, and they can be considered zero for practical purposes. It is worth mentioning that
the circuit model developed for the present microwave structure could also be applied to
study the stacked slabs reported in [30]. The reason is that the narrow metal ﬁlms having
negative permittivity are expected to behave as lumped inductors following the theory
in [45, 46]. Note that the model in this work should be modiﬁed (and the transmission
spectrum would be diﬀerent too) if the distance between grids were much smaller than
considered. In such case the interaction due to higher order modes should be incorporated
in the model, but this is not a trivial task and it is beyond the scope of the present work.
However, this problem would not aﬀect to the optical structure analyzed in [30] because
in that structure only TEM waves are excited at the interfaces between metal ﬁlms and
dielectric slabs, and they can be taken into account in closed form. This is an important
simplifying diﬀerence with respect to the problem treated in this work.

2.4

Field distributions for the resonance frequencies

It is important to verify if the ﬁeld distribution predicted by the circuit model agrees
with that provided by numerical simulations based on HFSS. Being a 3-D ﬁnite element
method solver, HFSS gives information about the ﬁelds at any point within the unit cell
of the structure. Certainly this is beyond the possibilities of a one-dimensional circuit
model. However, the circuit model can give information about the line integral of the
ﬁeld along any line going from the top to the bottom metal plates of each of the parallelplate waveguides for each particular value of z (i.e., voltage or, conversely, average value
of the electric ﬁeld). Thus, the comparison between circuit model and HFSS results can
easily be carried out because our average values of electric ﬁeld can be compared, after
proper normalization, for the ﬁeld along a line plotted in the z-direction through the
center of a hole. It is worthwhile to consider how each of the four resonance modes in
the ﬁrst high transmissivity frequency band (labeled as A, B, C, and D in Fig. 2.3) is
16

associated with a speciﬁc ﬁeld pattern along the propagation direction (z). The results
for these ﬁeld distributions are plotted in Fig. 2.4. The ﬁrst obvious conclusion is that the

Figure 2.4. Field distributions for the four resonance modes of the four open and coupled Fabry-Pérot cavities
that can be associated to each of the dielectric slabs in the stacked structure in Fig. 2.1. The numerical (HFSS,
red curves) and analytical (circuit model, blue curves) results show a very good agreement.

circuit model, once again, captures the most salient details of the physics of the problem,
with the advantage of requiring negligible computational resources. Slight diﬀerences
can be appreciated around the grid positions because, in a close proximity to the grids,
HFSS provides results for the near ﬁeld (which plays the role of the microscopic ﬁeld in
the continuous medium approach) while the analytical model gives a macroscopic ﬁeld
described by the transverse electromagnetic waves. Microscopic and macroscopic ﬁelds
averaged over the lattice period are comparable for sub-wavelength grids considered in
this work. Nevertheless, with independence of the model (numerical or analytical), we
can see how the ﬁeld values near and over each of the three internal grids are meaningfully
diﬀerent for each of the considered resonance (high transmission) frequencies. The ﬁeld
17

values are relatively small over each of those internal grids for mode D. For mode C we
have two grids with low ﬁeld levels, and for mode B only the central grid has low values
of electric ﬁeld. Finally, none of the internal grids have low electric ﬁeld values for mode
A. The eﬀect of an imaginary impedance at the end of a transmission line section with
a signiﬁcant voltage excitation is to increase the apparent (or equivalent) length of that
section, as it has been explained in detail in [42] for a diﬀerent system having a similar
equivalent circuit (resonant slits in a metal screen). The above reason explains why the
resonance frequencies of the modes with more highly excited discontinuities have smaller
resonance frequency. However, some further details can be clariﬁed using the circuit
model; for instance, those concerning the positions of the ﬁrst and last resonance and the
parameters these two limits depend on. Quantitative details about the range of values
where the transmission peaks should be expected will be given in the following section.

2.5

Stacked grids with a large number of layers

In the previous section, a ﬁve-grid structure supported by four dielectric slabs has been
shown to exhibit four FP-like resonances corresponding to the four coupled FP resonators
formed by the reactively-loaded dielectric slabs. We have demonstrated that the circuit
model gives a very good quantitative account of the ﬁrst transmission band, while results
are qualitatively correct but quantitatively poor when the frequency increases (second
and further bands). We have also mentioned that the highest-frequency peak should not
be far from the resonance frequency corresponding to a single slab being half-wavelength
thick, in agreement with the theory reported in [35]. This is the practical consequence
of the observation of ﬁeld patterns for the last resonant mode within the ﬁrst band.
However, this is an a posteriori conclusion. Moreover, no clear theory has been provided
for the position of the ﬁrst resonance (or, equivalently, for the bandwidth of the ﬁrst
transmission band), which seems to be closely related to the geometry of the grids. The
18

application of our model to structures having a large number of slabs (cells along the
z-direction) can shed some light on the problem. Thus, for instance, we have veriﬁed that
the behavior of the ﬁeld distributions for any number of slabs follows patterns similar to
those obtained for the four-slab structure. In particular, the ﬁeld pattern for the ﬁrst
and last resonance peaks has the same qualitative behavior shown for modes A and D
of the four-slab structure. We can say that the phase shift from cell to cell along the
z-direction is close to zero for the ﬁrst mode and close to π for the last mode (with
intermediate values for all the other peaks). As an example, the ﬁeld patterns for the
ﬁrst and last resonance modes within the ﬁrst transmission band of a nine-slab structure
(with 10 grids) is provided in Fig. 2.5. It is remarkable the similarity of these plots with
the ﬁeld distributions reported in [30] for a stacked metal/dielectric system operating at
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Figure 2.5. Field distributions for the ﬁrst and last resonance peaks (within the ﬁrst transmission band, which
has nine peaks) of a 9 slabs (10 grids) structure. Dimensions of the grids and individual slabs are the same as
in Fig. 2.4. Dielectrics and metals are the same as well.

As the number of identical layers is increased, the number of transmission peaks also
increases (there are as many peaks as slabs) but all the peaks lie within a characteristic
frequency band whose limits are given by the electrical parameters and dimensions of the
unit cell. For instance, the values of the ﬁrst and last resonance frequencies are tabulated
in Table 2.1 as a function of the number of slabs. The slabs and grids are the same
used in the previous ﬁgures. Inspection of Table 2.1 tells us that fLB and fUB tend to
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Table 2.1. Frequencies of lower (fLB ) and upper (fUB ) band edges with respect to the number of layers.

No. of layers
4
5
6
10
18
36

fLB (GHz)
7.004
6.780
6.664
6.468
6.380
6.380

fUB (GHz)
11.610
12.200
12.560
13.190
13.490
13.600

some limit values when the number of stacked layers increases. Moreover, the resonance
frequency of a single slab without considering any grid load is 13.62 GHz for the materials
and thicknesses used to compute the values in Table 2.1. It suggests that the upper
limit could be given by that frequency. However, the meaning of the limit value of fLB
(6.380 GHz) is not clear. In the following we propose an easy explanation for both the
lower and upper limits.
The structure with a large number of cells has a large number of resonances within a
ﬁnite band. In the limit case of an inﬁnite number of cells, instead of resonances we should
have a continuous transmission band, out of which propagation is not possible (forbidden
regions). This is expected from the solution of the wave equation in any periodic system.
This kind of periodic structures represented by means of circuit elements are commonly
analyzed in textbooks of microwave engineering (see, for instance, [47]). The unit cell
of the inﬁnite periodic structure resulting of making inﬁnite the number of slabs of our
problem is shown in Fig. 2.2(c). If, for simplicity, losses are ignored in the forthcoming
discussion and the propagation factor for the Bloch wave is written as γ = α + jβ, the
following dispersion equation of the periodic structure is obtained following the method
reported in [43, 47]:
cosh(γtd ) = cos(kd td ) + j

Zd
sin(kd td )
2Zg

(2.5.1)

√
where kd = ω εr /c. For those frequencies making the RHS of (2.5.1) greater than -1
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and smaller than +1, the solution for γ is purely imaginary (γ = jβ) as it corresponds to
propagating waves in a transmission band. For other frequency values the solution for γ
is real, thus giving place to evanescent waves (forbidden propagation or band gaps). For
a given transmission band the upper limit is given by the condition
cosh(γtd ) = −1
which is fulﬁlled by βtd = π

(2.5.2)

(α = 0), namely, a phase shift of π radians in the unit cell.

The frequency at which this condition appears is given by cos(kd td ) = −1, sin(kd td ) = 0,
which corresponds to the frequency of resonance of a single slab without grid, kd td = π.
This condition is fully consistent with our previous observation in the ﬁnite structure
of an upper-band limit governed mostly by the thickness of the dielectric slab with no
inﬂuence of the grid and with a phase shift of the ﬁeld of π between adjacent layers. On
the other hand, the lower limit is given by the condition
cosh(γtd ) ≡ cos(kd td ) + j

Zd
sin(kd td ) = 1 .
2Zg

The condition cosh(γtd ) = 1 is trivially satisﬁed by γtd = 0,

(2.5.3)

(β = α = 0); namely, a

null phase shift in the unit cell, which is in agreement with our previous observation for
the ﬁeld pattern of the lowest-frequency peak. The frequency where the above condition
appears clearly depends on the speciﬁc value of the grid impedance, Zg .
Solving the dispersion equation (2.5.1) we can obtain the Brillouin diagram for any
desired band. This has been done in Fig. 2.6 for the ﬁrst transmission band of the structure
under study, which occurs at low frequencies within the limits of homogenization of the
proposed circuit model. Numerical results1 obtained via commercial software CST [48]
have been superimposed to verify the validity of the analytical data. It is clear that the
lower limit of the calculated transmission band coincides with the ﬁrst resonance frequency
of the ﬁnite structures when the number of cells is large enough. Thus, the range of
1

CST simulations were performed by Francisco Mesa, Department of Applied Physics I, University of
Seville, Spain.
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Figure 2.6. Brillouin diagram for the ﬁrst transmission band of an inﬁnite periodic structure (1-D photonic
crystal) with the same unit cell as that used in the ﬁnite structure considered in Table 2.1. Numerical results
were generated using the commercial software CST.

frequencies where the peaks are expected for a ﬁnite stacked structure can be analytically
and accurately estimated from Bloch analysis [47] using the proposed circuit model. In
particular, the inﬂuence of the grid impedance on the lower limit of the transmission
band can be obtained from this analysis. The same model explains why the upper limit
is solely controlled by the thickness of the slabs. Thus, our analysis gives satisfactory
qualitative and quantitative answers to our initial question of what controls the limits
of the transmission band. It is worth mentioning here that the second band (or any
higher-order band) is not just the second harmonic of the ﬁrst one: a Bloch wave analysis
must be carried out to obtain the actual limits. However, for higher-order transmission
bands, the inductive grid could be a poor model that should be corrected by a more
accurate value of the loading grid impedance. However, this simple analysis cannot be
extended beyond the frequency range where multimode operation arises in the parallelplate waveguides connecting the grids. In such case the simple transmission line with
characteristic impedance Zd would not be enough to account for the complex higherorder modal interactions between adjacent grids. Fortunately, the frequency region where
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the model proposed in this chapter works properly turns out to be the most interesting
region for practical purposes, provided that non-diﬀracting operation is required (i.e., if
higher-order grating lobes are precluded).

2.6

Conclusion

In this work we have shown that the study of the wave propagation along stacked metallic
grids separated by dielectric slabs can be carried out analytically with negligible computational eﬀort making use of a simple circuit model. The circuit model remains valid
even at frequencies for which the closed-form expressions that account for the inﬂuence
of the grids are not valid; although in such a case better estimations of grid impedances
are required. The main characteristics of the transmission bands (frequencies of the lower
and upper resonances) are directly related to the behavior of the inﬁnite 1-D periodic
photonic crystal resulting from the use of an inﬁnite number of unit cells. In this case the
transmission bands and the band-gaps are accurately determined by means of circuit concepts and textbook analysis methods. The model is valid in the non-diﬀracting frequency
region, far apart from the onset of the ﬁrst grating lobe.
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Chapter 3
TRANSMISSION THROUGH
STACKED METAFILMS FORMED
BY SQUARE CONDUCTING
PATCHES
In this chapter we study the transmissivity of electromagnetic waves through stacked
two-dimensional printed periodic arrays of square conducting patches. An analytical
circuit-like model is used for the analysis. In particular, we analyze the low-pass band
and rejection band behavior of the multilayer structure, and the results are validated by
comparison with a computationally intensive ﬁnite element commercial electromagnetic
solver. In addition, we study in depth the elementary unit cell consisting of a single
dielectric slab coated by two metal patch arrays, and its resonance behavior is explained in
terms of Fabry-Pérot resonances when the electrical thickness of the slab is large enough.
In such case, the concept of equivalent thickness of the equivalent ideal Fabry-Pérot
resonator is introduced. For electrically thinner slabs it is also shown that the analytical
model is still valid, and its corresponding ﬁrst transmission peak is explained in terms of
a lumped LC resonance.
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3.1

Introduction

The transmission spectra of electrically thin gratings or grids is controlled by the dimensions of the grating/grid as well as the thickness and permittivity of the dielectric slabs.
However, these parameters provide a limited control of the transmission spectrum, and
typically only a narrow transmission band can actually be achieved. A better control
of the transmission/reﬂection spectra is provided by stacking the metal grids or other
periodically patterned metal screens. For instance, several metal grids made of narrow
perpendicular crossed strips can be arranged parallel to each other and separated by
dielectric slabs. This is the principle behind the design of relatively wideband infrared
ﬁlters [39, 49] and modern wideband microwave FSS [50, 51]. In the previous chapter it
has been shown that stacked metal grids separated by dielectric slabs can be accurately
analyzed using circuit models with the grid parameters known in closed form. That model
is restricted to normal incidence and valid for grids having a lattice constant well below
the operating wavelength, with the distance between the adjacent grids large enough to
avoid higher-order mode interaction.
In this contribution we propose an electromagnetic ﬁltering structure that can be
considered as a quasi-complementary version of the structure studied in Chapter 2. It
will be shown that a very accurate analytical model is also available for this system. The
proposed structure is formed by a two-dimensional (2-D) stack of metaﬁlms uniformly separated by dielectric slabs. Each metaﬁlm consists of a 2-D periodic distribution of closely
spaced square conducting patches. The separation between two consecutive metaﬁlm has
to be signiﬁcantly larger than the transverse gap between conducting patches at each
metaﬁlm in order to keep negligible the eﬀects of interaction through higher-order modes.
Moreover, as in [21], the period of the 2-D array of patches has to be suﬃciently smaller
than the wavelength in the involved dielectric media. In a system made up of N + 1
metaﬁlms separated by N identical dielectric slabs, there will appear N + 1 resonant
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transmission peaks ranging from zero frequency up to a certain upper limit frequency. It
will be shown that this upper frequency limit does not depend on the number of slabs
(N ). This partially transparent frequency range with total transmission peaks is followed
by a deep stopband. After that stopband a new passband appears. The upper frequency
of the low-pass band and the lower and upper frequency limits of the next passband can
be analytically obtained from the study of the periodic structure that results from stacking an inﬁnite number of uniformly spaced metaﬁlms separated by the dielectric slabs. In
contrast to the problem of stacked metallic meshes studied in [21], the electric near ﬁeld of
the structure considered here is very diﬀerent from that obtained with the circuit model.
However, the mean value of the electric ﬁeld (averaged over the unit cell of the 2-D patch
array) is accurately accounted for by the analytical model. As shown here, this is suﬃcient
to obtain accurate values for the transmission and reﬂection coeﬃcients with the circuit
model. The above study is directly applicable to the microwave/millimeter-wave/THz
regimes if losses are phenomenologically incorporated by adding the appropriate resistors
to the model. The model can also give some preliminary insight on the spectrum expected
at optical frequencies, when metals are characterized by complex dielectric constants. It
should be mentioned that the obtaining of numerical results using full-wave commercial
software requires many hours of CPU time (with eventual lacks of convergence) while the
analytical model provides results almost instantaneously.

3.2

Stacked 2–D arrays of conducting patches

An example of the multilayer conﬁguration studied in this work is shown in Fig. 3.1, where
it can be seen the front view of each of the stacked metasurfaces/metaﬁlm (consisting
of a 2-D periodic array of square conducting patches). Although only 5 × 5 unit cells
along the x and y directions are shown, the structure is is assumed inﬁnite in the lateral
directions. Each metaﬁlm has sub-wavelength dimensions such that the unit cell size,
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Figure 3.1. Schematics of stacked identical 2-D arrays of square conducting patches (dark gray) printed on
uniform dielectric slabs of thickness h (light pink). (a) front view of 25 cells of the structure and (b) crosssection along the direction normal to the metasurface. The incidence plane is the xz-plane and two orthogonal
polarizations (TE and TM) are considered independently. The lattice parameter is D and the gap between
the patches is g. The thickness of the metal patches is neglected. An elementary unit cell is highlighted with
the dashed lines.

D, is smaller than the wavelength in the dielectric slabs at the operation frequency, and
the square metal patches occupy most of the surface of the unit cells (i.e., g ≪ D,
where g is the gap between the patches). As shown in Fig. 3.1(b), N + 1 metaﬁlms
of this kind (N = 4 in the present example) are stacked and separated by identical
dielectric slabs (which can also be air-ﬁlled regions). The structure is illuminated with a
uniform transverse electromagnetic (TEM) plane wave under oblique incidence conditions
(θ is the angle formed by the wave vector and the unit vector normal to the surface).
Since the structure is isotropic with respect to any direction perpendicular to z (the
coordinate along which the structure is stacked), the incidence plane can be arbitrarily
chosen. Without loss of generality, the plane of incidence is taken as one of the principal
planes of the structure (for example, the xz-plane in Fig. 3.1). Two diﬀerent polarizations
are considered independently: transverse electric (TE) or s–polarization and transverse
magnetic (TM) or p–polarization. The TE case with the electric ﬁeld perpendicular to
the plane of incidence is shown in Fig. 3.1(a). A single isolated free-standing array of
square patches behaves as a partially reﬂecting surface (PRS) with the magnitude of
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the transmission coeﬃcient monotonically decreasing from unity to very small values in
the frequency region of interest (see, for instance, [39]). This behavior is opposite to
the one exhibited by the complementary structure: an electrically dense grid made with
narrow conducting crossed strips (as it is apparent from Babinet’s principle, the reﬂection
and transmission coeﬃcients of the patches and grid structures are interchanged for freestanding structures). In this work it is shown that the behavior of a single metaﬁlm made
of square conducting patches is drastically modiﬁed if several metaﬁlms of this type are
stacked between dielectric slabs (or air-ﬁlled regions). This study could have been done
using any commercial full-wave electromagnetic solver, but we show that very accurate
results can be obtained for the transmission/reﬂection coeﬃcients using the fully analytical
model proposed in this work. The model is valid for normal and oblique incidence and its
accuracy is validated through comparison with computationally intensive full-wave results
obtained with the well-known HFSS package.

3.2.1

Derivation of the analytical circuit model

Assuming that the wavelength in free space is larger than the period in the transverse
direction of the structure under study shown in Fig. 3.1 (λ0 > D), no diﬀraction lobes
appear and a single plane wave is reﬂected or transmitted into the far-ﬁeld region. The
phase and amplitude of the transmitted and reﬂected plane waves depend on the level of
excitation of the evanescent ﬁelds scattered by each patch array (which account for the
near ﬁeld around the patches). In the absence of patches, these evanescent ﬁelds are not
excited and the corresponding plane-wave incidence problem in the layered structure can
be written in terms of cascaded transmission-line sections characterized by the appropriate
propagation constants (γ = jβ) and characteristic admittances (Y ). Following [52], the
values of the propagation constants and characteristic admittances for the air (subscript 0)
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Figure 3.2. (a) Front view and (b) side view of the equivalent transmission lines for TE and TM polarized
waves. Periodic boundary conditions are applied along the x direction (dotted lines) while electric walls (solid
lines; TE polarization) or magnetic walls (dashed lines; TM polarization) are used for the y direction. The
equivalent circuit proposed in this paper is depicted in (c). The capacitances of the three internal patches
(having dielectric slabs at both sides) are diﬀerent from the ﬁrst and the last capacitances (see the main text).
(d) Unit cell of the periodic structure along the z direction for an inﬁnite number of slabs (n → ∞).

29

and dielectric (subscript d) regions, and for TM and TE polarizations are given by
β0 = k0

√

1 − sin2 θ

βd = k0

Y0TE = cos θ/η0
√
YdTE = εr − sin2 θ/η0

√
εr − sin2 θ

Y0TM =
YdTM =

η0

√

1
η0 cos θ

εr
εr − sin2 θ

(3.2.1a)
(3.2.1b)
(3.2.1c)

where k0 = ω/c (ω is the angular frequency and c is the speed of light in vacuum),
√
η0 = µ0 /ε0 (free-space impedance), and εr is the relative permittivity of the dielectric
slabs. When the patches are present, the equivalent transmission-line sections that replace
each of the dielectric regions can still be used with a slightly diﬀerent meaning. Each unit
cell of the periodic problem, induced by the presence of the patches, can be viewed as
a generalized transmission line whose walls are electric, magnetic, or periodic boundary
conditions, depending on the polarization of the impinging wave and the angle of incidence
(see, for instance, [41] for the particular case of normal incidence). Thus, the unit cell
highlighted in Fig. 3.1 (thick black dashed lines) is represented in Fig. 3.2(a) and (b). For
square unit cells the characteristic admittances of these virtual waveguides are identical to
those given in (3.2.1b) and (3.2.1c) (if the unit cell is rectangular, the aspect ratio can be
included in the deﬁnition of the characteristic admittances in a trivial manner). As long as
the higher-order ﬁelds scattered by the patches are evanescent, the presence of the patches
can be accounted for by means of properly deﬁned lumped elements, as typically done in
microwave modeling of discontinuities in waveguides. This methodology was successfully
used in [21] to deal with stacked grids made with narrow crossed metal strips. Grids
are inductive discontinuities but patches are mostly capacitive in nature. Therefore, a
suitable circuit model for the structure under study is the one depicted in Fig. 3.2(c).
The global eﬀect of the patches is accounted for by the shunt capacitors and the resistors
located between the transmission-line sections (the resistors account for ohmic losses in
the skin eﬀect regime). Strictly speaking, inductors should have also been included in the
circuit model to take into account higher-order evanescent TE modes. However, since we
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are assuming electrically small patches occupying most of the unit cell area (i.e., g ≪ D),
inductive eﬀects are negligible in the frequency range of interest (see, for instance, [39]).
Thus, we only need appropriate expressions for the capacitances and the resistances of
the model. An approximate analytical expression for the capacitances can be obtained
by using the technique reported in [23]. The following two closed-form expressions are
obtained for the two possible polarizations of the impinging wave (TM/TE):
2Dεeﬀ [ ( πg )]
ln csc
πcη0
2D
(
) [ (
2Dεeﬀ
sin2 θ
πg )]
=
1−
ln csc
πcη0
2εeﬀ
2D

CgTM =

(3.2.2a)

CgTE

(3.2.2b)

where εeﬀ is the average of relative permittivities at both sides of the patch surface
(εeﬀ = (1 + εr )/2 for the ﬁrst and last metaﬁlm, and εeﬀ = εr for the internal metaﬁlms).
√
Provided that the skin depth, δ = 2/(ωµ0 σ), is meaningfully smaller than the thickness
of the metalizations of conductivity σ, the value of R used in this study is given by the
following simple expression:
R=

D
.
(D − g)σδ

(3.2.3)

According to the proposed model, the obtaining of the reﬂectivity and transmissivity of
the stacked structure in Fig. 3.1 reduces to the computation of the scattering parameters,
S11 and S21 , of the transmission line circuit shown in Fig. 3.2(c). This is a simple textbook
problem of microwave engineering [47]. In the present case we can exploit the symmetry of
the structures with respect to the AA′ plane (see Fig. 3.2(c)). If an even/odd symmetrical
excitation is considered, the AA′ plane becomes a magnetic/electric wall. A reﬂection
e,o
coeﬃcient can be obtained for each of those cases (S11
for even/odd excitations), and

the scattering parameters of the original structure can ﬁnally be calculated using the
superposition principle:
1 e
1 e
o
o
) ; S12 = (S11
).
+ S11
− S11
S11 = (S11
2
2
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(3.2.4)

a) Even excitation circuit

Yine

Yd

TE,TM

R

Y0TE,TM, b0

, bd
R

2R
CgTE,TM/2

CgTE,TM
b) Odd excitation circuit
o

Yin
Y0

TE,TM

, b0

Yd

TE,TM

R

Cg

, bd
R

(short)

TE,TM

Figure 3.3. Equivalent circuits for determining the reﬂection coeﬃcients under (a) even and (b) odd excitation
e,o
conditions (S11
) for the structure in Fig. 3.1.
e,o
The transmission-line problems deﬁning S11
are shown in Fig. 3.3. These reﬂection co-

eﬃcients are diﬀerent for each polarization (TE or TM), and are related to the input
admittances, Yine,o , shown in Fig. 3.3 as follows:
e,o
S11(TE,TM)

Y0TE,TM − Yine,o
= TE,TM
Y0
+ Yine,o

(3.2.5)

where the input impedances Yine,o are easily obtained using well-known admittance translation formulas (see, for instance, [47]). A simple iterative expression for the input admittances can be written for an arbitrary number of slabs. If the number of slabs is odd
(instead of even, as in Fig. 3.3), the last transmission-line section would have a length
of h/2 and would be terminated with a short circuit (odd excitation) or an open circuit
(even excitation). In any case, the ﬁnal result is a closed-form expression for the reﬂection and transmission coeﬃcients of the stacked structure. This approximate expression
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is validated in next section by comparison with full-wave numerical results.

3.2.2

Validation of the circuit model

Since a number of approximations have been done to give the circuit model described
above, this model will be now validated by proper comparison with full-wave results. The
full-wave results are calculated by using the commercial electromagnetic ﬁnite elements
solver HFSS [44]. The comparison starts with a sample structure consisting of ﬁve square
patch-type metaﬁlms made of 18 µm thick copper (σCu = 5.7 × 107 S/m) printed on the
commercially available Rogers RO3010 substrate (thickness, h = 2.0 mm, εr = 10.2, loss
tangent, tan δ = 0.0035). The lattice constant along the x and y directions is D = 2.0 mm
and the gap between patches is g = 0.2 mm. In particular, we present numerical values of
the transmissivity (|T |2 = |S12 |2 ) of this structure computed with HFSS along with the
analtytical data provided by our model (dielectric losses have been incorporated in the
model by using complex values for the relative dielectric constant in (3.2.1a), (3.2.1b),
and (3.2.1c)). This quantity is plotted in Fig. 3.4(a) as a function of frequency at normal
incidence (in the present situation of square patches and normal incidence there is no
distinction between TM and TE polarization). In the frequency range where we have
obtained results from HFSS within an acceptable lapse of time there is an excellent agreement between numerical and analytical data. In the explored range of frequencies, the
structure exhibits a low-pass ﬁlter behavior with strong ripples. Apart from the transmission peak occurring at zero frequency (not shown in Fig. 3.4(a) and also occurring
when a single metaﬁlm is used), the structure exhibits other four high-transmission peaks
(labeled A, B, C, and D). Note that, at the maximum frequency considered in that plot
(20 GHz), the ratio D/λ0 ≈ 0.13 and D/λd ≈ 0.43 (λd = 2π/βd ). It is interesting to
emphasize that the condition D ≪ λd has not to be enforced strictly: D is simply required to be suﬃciently smaller than λd . Indeed the model is expected to work if i) the
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(a)

(b)

Figure 3.4. (a) Comparison between analytical (blue solid lines) and numerical (HFSS, red dashed lines)
results for the transmissivity (|T |2 ) of a stacked structure made of 5 metaﬁlms separated by 4 dielectric slabs
at normal incidence (θ = 0). Dimensions: D = 2.0 mm, g = 0.2 mm, h = 2.0 mm. Electrical parameters:
σCu = 5.7 × 107 S/m, εr = 10.2, tan δ = 0.0035. (b) Analytical predictions over a wider frequency band
showing a second passband at around 24–30 GHz (numerical data are not included due to convergence problems
with HFSS for the high frequency portion of the spectrum).
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inductance of the patch is negligible (as mentioned before, this is essentially related to
the gap size: g ≪ D) and ii) the frequency dependence of Cg can be neglected (the
frequency-dependent behavior of Cg is here relevant only at frequencies above 20 GHz;
corresponding to D ≈ 0.75λd ). Similar comparisons have also been done for a wide variety of geometrical and electrical parameters and the same good agreement has been
observed. If the analytical model is used up to higher frequencies, Fig. 3.4(b) shows the
appearence of a second passband with four transmission peaks that are more attenuated
than in the ﬁrst transmission band. HFSS data have not been included here because, in
that frequency region, we found convergence problems to obtain numerical results with
the simulator.
If the transmission spectrum in Fig. 3.4(b) is compared with the spectra reported in
Fig. 2.3 for the stacked grids, we can see that, in contrast with the bandpass behavior of the
grid structure, the patch structure exhibits a low-pass band followed by a wide stopband
(followed by another passband and so on). This behavior is observed independently of
the number of stacked layers. This fact is illustrated in Fig. 3.5(a), where three plots
for the transmissivity corresponding to several numbers of layers (N =2, 4, and 8) are
depicted. Another curve (red) for N = 10 and the same electrical and dimensional
parameters appears in Fig. 3.5(b) (no losses are included in this case). The number
of transmission maxima (excluding the one at zero frequency) is equal to the number
of dielectric slabs. However, the upper frequency limit of the low-pass band does not
seem to depend meaningfully on the number of layers. The calculated upper frequency
limit (at 3 dB below the maximum) is shown in Table 4.1 for an increasing number
of slabs. From this table and Figs. 3.4 and 3.5 it is clear that increasing the number of
layers results in an increasing number of peaks within a certain ﬁxed frequency band. The
upper limit of this band should rather be linked to the geometry and electrical parameters
of the unit cell corresponding to a periodic structure along the z direction in the limit
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(a)

(b)

Figure 3.5. (a) Transmission spectra obtained for N = 2, 4, and 8 dielectric slabs. Dimensions and electrical
parameters are the same as in Fig. 3.4. (b) Transmission spectra (N = 10) for three diﬀerent values of the
dielectric constants of the regions separating the metaﬁlms (losses have been ignored). The transverse unit
cell dimensions are the same as in Fig. 3.4 and h = 2.0 mm, 4.0 mm, and 6.0 mm for εr = 10.2, 3.0, and 1.0,
respectively.
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Table 3.1. Upper frequency limit of the low-pass band of the structure with the dimensions and electrical
parameters in Fig. 3.4 as a function of the number of slabs, N .

N
4
5
6
10
18
30

Upper frequency (GHz)
11.77
11.80
11.82
11.90
11.99
12.02

N → ∞. Thus, the frequency regions where transmission is possible can be determined
by studying the band structure of the 1–D photonic crystal resulting from cascading along
the z direction an inﬁnite number of identical cells such as that represented in Fig. 3.2(d).
It turns out that the eigenvalues for that periodic structure can easily be obtained by using
the proposed circuit model. The resulting periodically-loaded transmission line supports
Bloch waves whose propagation constant can be computed via the method reported in [47]
(this method was also used in [21] to explain the existence of bands in a stacked-grids
structure). Following the procedure described in [47], the following dispersion equation
for the Bloch waves is obtained:
cos(kB h) = cos ϕ −

b
sin ϕ
2

(3.2.6)

where kB is the Bloch wavenumber, ϕ = βd h is the electrical thickness of the slabs, and b
is the normalized admittance associated with the capacitances in (3.2.2a) or (3.2.2b); i.e.,
b = (ωCgTE,TM )/YdTE,TM . The expression (3.2.6) yields a band structure with passbands
separated by forbidden frequency regions. The Bloch wavenumber is real (passband)
within those frequency regions for which | cos ϕ − b/2 sin ϕ| < 1 and purely imaginary
in the complementary regions (forbidden bands). The Bloch dispersion curves (ﬁrst two
propagation bands) for the unit cell associated with the structures analyzed in Figs. 3.4
and 3.5 and Table 4.1 are plotted in Fig. 3.6. It can be observed how the low-pass band
coincides with the region where the ﬁnite structures have non-negligible transmission
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Figure 3.6. Brillouin diagram for the ﬁrst two transmission bands of an inﬁnite periodic structure (1-D photonic
crystal) with the same unit cell as that used in the curves plotted in Fig. 3.4. The non-zero transmission region
in Fig. 3.4 matches the ﬁrst passband in this graph, and the low transmission region in Fig. 3.4 coincides with
the stopband region in this ﬁgure. The second passband, which is backward, is consistent with the second set
of peaks appearing in Fig. 3.4(b).

(and n high-transmission peaks). The forbidden band in Fig. 3.6 perfectly accounts for
the low transmission region of the ﬁnite structures. The Brillouin diagram suggests the
existence of a second transmission band that is clearly anticipated by our circuit model
in Fig. 3.4(b). Note that the ﬁrst band is forward while the second one is backward.
It is also interesting to study the behavior of the transmissivity for high and low dielectric constant slabs. In Fig. 3.5(b) we have plotted the low-pass transmission spectra
obtained for three diﬀerent slabs. The spectra are qualitatively similar but some differences can be appreciated. First, the upper limit of the low-pass band is diﬀerent for
the three cases. One might expect that this upper limit depended only on the electrical
thicknesses of the slabs. However, this is not the case: the electrical thickness of the
slabs at the upper limit frequency is approximately 0.51π, 0.6π, and 0.71π radians for the
high, medium, and low dielectric constant cases, respectively. Actually, (3.2.6) has to be
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considered to establish such limit. However, another more interesting diﬀerential feature
is that the ripples level is much higher for high dielectric constant materials than for low
permittivity materials. In the limit case of εr = 1.0, ripples are low except for frequencies
very close to the upper limit of the low-pass band. This behavior is the opposite to the
one observed for higher permittivity slabs, for which the ripples depth decreases as the
frequency increases up to reach the upper limit of the band. Note that low permittivity
slabs would yield better low-pass ﬁlters since their frequency response is ﬂatter.
The proposed model is also valid for oblique incidence. Since the HFSS calculations for
several dielectric slabs take a long time, the accuracy of the model for angles of incidence
diﬀerent from zero has been tested for a single slab structure. The comparison between
HFSS and analytical results for several angles of incidence and TE/TM incidence is shown
in Fig. 3.7. From the plots it is clear that the model also works quite well for oblique
incidence. For TM polarization the transmission peak is found to be hardly sensitive to
the angle of incidence, which is a desirable feature for many applications. However, a
slight shift to higher frequencies is observed for increasing values of the incidence angle
under TE polarization.

3.3

Field distributions at the resonance frequencies

In [21] it was claimed that the ﬁeld proﬁle along z predicted by the circuit model should
agree with that provided by full-wave numerical simulations. Thus, it was veriﬁed that
the voltage distribution along the transmission lines of the proposed circuit model was
almost identical to the electric ﬁeld distribution (computed using HFSS) along the central
line crossing the structure unit cell. Since the ﬁelds predicted by the analytical model and
the numerically computed ﬁelds were very close to each other, the scattering parameters
predicted by the two approaches were clearly expected to be also very similar. However,
for the structure considered in the present work, it is clear that we cannot expect the same
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Figure 3.7. Transmission curves for a single slab structure (n =1) under oblique TE (a) and TM (b)
incidence for several values of θ. Solid lines are analytical results and circles have been obtained with HFSS.
The dimensions and the electrical parameters are the same as in Fig. 3.4.
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Figure 3.8. Longitudinal proﬁle of the y-component of the electric ﬁeld for the frequencies corresponding to
the transmission peaks plotted in Fig. 3.4 (A: top left; B: top right; C: bottom left; D: bottom right). Solid
green lines: the detailed local ﬁeld computed by HFSS along a center line across the structure. Dashed red
lines: the corresponding average electric ﬁeld along every transverse cross-section. Solid blue lines: the electric
ﬁeld extracted from the analytical circuit model.

degree of similarity between the voltage distribution provided by the circuit model and the
transverse electric ﬁeld distribution given by the full-wave numerical simulations. Thus,
for instance, the voltage distribution along the transmission-line equivalent system in
Fig. 3.2(c) cannot reproduce the fact of having zero transverse electric ﬁeld in the perfectly
conducting patches (note that the location of the patches corresponds to the location of the
capacitors in the circuit model). This fact is illustrated in Fig. 3.8 for the four frequency
points corresponding to the peaks A, B, C, and D in Fig. 3.4. In each of the plots in Fig. 3.8
we have included the y-component of the electric ﬁeld computed with HFSS (solid green
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lines). In all the cases this ﬁeld pattern has zeros at those points where the perfectly
conducting patches are located. The “average” electric ﬁeld deduced from the voltage
distribution predicted by the circuit model is represented in Fig. 3.8 as solid blue lines.
It is clear that the HFSS and the circuit-model ﬁeld patterns are completely diﬀerent.
However, we already found in Fig. 3.4(a) that the scattering parameters predicted by the
analytical model are very accurate. To solve this apparent paradox we should consider
that the scattering parameters are power-related quantities and, therefore, they should
be accurately computed from a good estimation of the average electric ﬁeld over the cross
section of the unit cell. The longitudinal (z) proﬁle of this average ﬁeld, which could
be called macroscopic ﬁeld, is very close to the actual longitudinal proﬁle of the local
ﬁeld (or microscopic ﬁeld) in the case of the grid structures studied in [21]. However,
the longitudinal proﬁle of the macroscopic and microscopic ﬁelds are completely diﬀerent
in the patches structure considered here. The average full-wave ﬁeld pattern can easily
be computed from HFSS data, and its value has been included in Fig. 3.8 as dashed red
lines. Since this average ﬁeld is controlled by the TEM component of the total ﬁeld (the
average value of any higher-order mode is zero), its longitudinal proﬁle is found to be
almost identical to the voltage proﬁle given by the circuit model. This good agreement
is what ﬁnally explains the accuracy of the scattering coeﬃcients provided by the circuit
model.
The longitudinal proﬁle of the average ﬁeld pattern for each of the resonances depicted
in Fig. 3.8 has distinctive features that allow us to associate each pattern with each
resonance. The lowest resonance frequency pattern (top left plot in Fig. 3.8) has a single
zero over the central metaﬁlm. The second one (top right plot in Fig. 3.8)) has two
zeros in the positions corresponding to the second and fourth patch arrays. The third
resonance frequency patterm (bottom left plot in Fig. 3.8) has three zeros: one over a
patch array and the other two in the middle of the ﬁrst and fourth slabs. Finally, the
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highest resonance frequency ﬁeld pattern (bottom right plot in Fig. 3.8) has four zeros:
each one inside of one of the four dielectric slabs. This rule for the ﬁeld patterns applies
to any number of slabs.

3.4

The basic structure: two metafilms separated by
a dielectric slab

In this ﬁnal section we study in depth the simplest version of the structure considered in
this paper with the purpose of obtaining a deeper understanding of the type of resonances
that are possible in this structure. The simplest stacked structure corresponds to the case
n = 1. Two identical 2-D arrays of perfectly conducting square patches are printed and
aligned on both sides of a single dielectric slab. In the absence of patches, the slab behaves as a Fabry-Pérot resonator exhibiting transmission peaks at those frequencies for
which the thickness of the slab is an integer number of half-wavelengths (or, equivalently,
βd h = nπ , n = ±1, ±2, . . .). The presence of the patches modiﬁes the situation. Following the theory in the previous section, the equivalent circuit for the single slab with
patches at both sides would be a section of transmission line of length h (wavenumber
βd and characteristic admittance YdTE,TM ) inserted between two transmission lines having
wavenumber β0 and characteristic admittance Y0TE,TM (see Eqs. 3.2.1a, 3.2.1b, and 3.2.1c).
The resulting equivalent circuit is formally identical to the one used in [42] to analyze
electrically thick slit gratings. In that paper the resonances were explained in terms of
modiﬁed Fabry-Pérot (FP) resonators with an equivalent length slightly larger than the
physical length of the resonator (in that case, the depth of the slit). However, although
the equivalent circuit is identical to the one in [42], the values of the parameters now
involved in the circuit model could be drastically diﬀerent from those in [42]. This fact
can give rise to a completely diﬀerent operation. An implicit equation for the location of
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the resonance frequencies (transmission peaks) was derived in [42] from the circuit model.
Once adapted to the notation in this work, that equation can be written as
tan(βd h) = j

Yd2

2ωYd Cg
2Yd YC
=− 2
2
2
− Y0 + YC
Yd − Y02 − (ωCg )2

(3.4.1)

where the upper indexes for TE and TM have been suppressed for simplicity. Although
the previous equation should be numerically solved, some qualitative ideas can help us to
understand the diﬀerent type of solutions that are expected. The left hand side in (3.4.1)
is a tangent function having poles at those frequency values making βd h = (2n + 1)π/2
and zeros at those frequency values where βd h = nπ (n = 0, 1, 2, . . .) is satisﬁed. At the
right hand side in (3.4.1) we have a rational function whose single positive pole is located
at ωp = (Yd2 − Yo2 )1/2 /Cg . For the typical values of the parameters of (3.4.1) considered
in [42], the position of this pole was well beyond the frequency range of interest, and
thus the rational function behaved as a linear function of ω with a small negative slope
within the frequency range of interest. The crossing between this almost-linear function
and the tangent function is expected to occur below and close to the zeros of the tangent
function. A similar situation is found for the present structure when the pole of the
rational function is above one or several of the roots of the tangent function (i.e., when
√
ωp > nπc/[h εr − sin2 θ ] for some n >1). In such a case, following the discussion in [42],
the transmission peaks occurring below ωp can be approximately explained in terms of
FP resonances of an equivalent slab having a thickness larger than the physical one. This
equivalent thickness, heq , is given by the following expression:
heq = h + ∆h = h +

2cCg
.
Yd

(3.4.2)

The above expression is useful for relatively electrically thick slabs since, in such cases,
the tangent function has several poles and zeros below the pole of the rational function in (3.4.1). The ﬁeld patterns inside the dielectric slabs then correspond to standing
waves having one or more maxima and zeros, such as expected for FP-like resonances.
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Table 3.2. Comparison of the frequencies of total transmission, fTT , calculated by solving the dispersion
equation (3.4.1), the equivalent thickness formula (3.4.2), and using the full-wave HFSS solver. The analyzed
structure is a two-sided patch array (D = 2.0 mm, g = 0.2 mm) printed on a dielectric slab (εr = 10.2) for
diﬀerent thicknesses under normal incidence conditions.

h (mm)
1
2
4
6
8
10

fTT (GHz) via (3.4.1)
17.211
11.425
7.279
5.458
4.392
3.686

fTT (GHz) via (3.4.2)
13.0606
10.2174
7.1182
5.4616
4.4304
3.7268

fTT (GHz) via HFSS
16.68
11.4
7.23
5.40
4.38
3.65

However, due to the relatively high values of Cg in the present problem (when compared with the corresponding values in [42]) and the possibility of having low values of
(Yd2 − Y02 ) (low permittivity slabs), the pole of the rational function can be below the
ﬁrst positive root of the tangent function or even below the ﬁrst pole of such function
√
(i.e., ωp < cπ/[h εr − sin2 θ ]). A simple inspection of the graphical representation of
the tangent and rational functions tells us that, in this latter case, there is a solution
to (3.4.1) for a frequency value located between ωp and the frequency corresponding to
βd h = π/2. At such resonance frequency, the electrical thickness of the slab is less than
λd /4 and no FP mechanism can be invoked. This is the situation found for electrically
short slabs, where the unit cell behaves more like a quasi-lumped resonator. The electric
ﬁeld is strongly concentrated around the gaps oriented perpendicularly to the impinging
electric ﬁeld, while the cavity between the two metaﬁlms mainly stores magnetic energy.
In order to illustrate the application of the concept of equivalent thickness and its
range of validity, we have calculated the position of the ﬁrst resonance frequency for
a single slab of relative dielectric constant εr = 10.2 coated by square metal patches
(having dimensional parameters D = 2.0 mm and g = 0.2 mm for several values of the
slab thickness, h). The results have been included in Table 3.2, where the numerical
HFSS data are compared versus data obtained using the circuit formula (3.4.1) and the
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approximate equivalent thickness formula (3.4.2). It is clear from the table that the circuit
model provides accurate results for any thickness of the slabs, although the prediction for
the case h = 1.0 mm has poorer accuracy (in this case the interaction between consecutive
PRS through higher-order modes is not negligible). However, the prediction given by
(3.4.2) clearly fails for electrically thin slabs.
In Fig. 3.9(a) the HFSS and circuit model predictions for relatively thin slabs (h ≤ 2.0 mm)
is shown for comparison purposes. This ﬁgure makes apparent that the circuit model becomes less accurate as the value of h decreases. However, the quality of the circuit model
description for a given value of h is better for small values of g, as illustrated in Fig. 3.9(b).
This observation is consistent with the fact that higher-order modes are less important
when accounting for the interactions between metaﬁlms when the gaps are small.
Coming back to the analysis of the results in Table 3.2, we can deduce that, even
though the circuit model description works quite well, the equivalent-thickness slab concept start to lose its meaning for h . 4.0 mm. Indeed, the ﬁrst resonance (total transmission) frequencies for h = 1.0 mm and h = 2.0 mm correspond to values of electrical
thickness of the dielectric slabs below π/4 and, hence, these ﬁrst two cases cannot be
associated with FP resonances but rather with quasi-lumped resonances. In order to
understand the diﬀerence between the two situations (FP-like resonances versus quasilumped resonances), we examine the distribution of the magnetic ﬁeld at resonance. Thus,
Figs. 3.10(a) and (b) show the magnetic ﬁeld distribution inside the dielectric region for
the ﬁrst resonance frequency obtained for h = 6.0 mm and h = 2.0 mm, respectively. In
the ﬁrst case, a typical sinusoidal pattern of FP type is visualized. However, in the second
case (h = 2.0 mm), the magnetic ﬁeld distribution is much more uniform. A similar plot
for the electric ﬁeld shows a similar pattern, with a very strong electric ﬁeld around the
gaps, as expected. For the electrically thin slab case shown in Fig. 3.10(b), the resonance
frequency can be estimated from the local capacitances (lumped capacitances of the gaps)
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(a)

(b)
Figure 3.9. (a) Comparison between circuit model and HFSS predictions around the ﬁrst resonance frequency
for three diﬀerent slab thicknesses (εr = 10.2, h = 1.0 mm, 1.5 mm, and 2.0 mm). (b) The same comparison
(case h = 1.0 mm) for three diﬀerent gaps between the patches (g = 0.1 mm, 0.2 mm, and 0.3 mm).
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(a)

(b)
Figure 3.10. (a) Magnetic ﬁeld color map for the ﬁrst resonance frequency in the case h = 6.0 mm (see
Table 3.2). (b) The same plot for h = 2.0 mm. (see Table 3.2 and Fig. 3.9).
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and the overall inductance of the unit cell section between the metaﬁlms, thus validating
our consideration of this resonance as a quasi-lumped one.

3.5

Wideband planar filters

In the previous sections and in Chapter 2, conﬁgurations of stacked identical metasurfaces
have been studied. It should be noted that these bulk metamaterial structures have passband and stop-band responses similar to that observed in microwave ﬁlters. However, the
response depends not only on the frequency, but also on the polarization and angle of
incidence of the plane-wave excitation. These type of structures have widespread applications such as spatial ﬁlters, design of radome’s, and satellite communications [38, 53, 54].
In this section, as an application we show the design of wideband planar ﬁlters formed by
stacking diﬀerent metasurfaces. Similar structures have been reported in literature [50].
Here, the analysis is carried out using a circuit-model, and it will be shown that it may be
possible to obtain wideband response with good angular stability, by tuning the properties
of metasurfaces. The results of the ﬁlter conﬁgurations are validated against full-wave
numerical results.
A three-layered structure formed by non-identical metasurfaces separated by two identical dielectric slabs is shown in Fig. 3.11. The top and bottom surfaces are formed by
symmetric metaﬁlms (periodic arrays of square conducting patches) of period D = 2 mm
and gap g = 0.2 mm. The middle layer is formed by a metamesh (2-D isotropic wire grid)
of period D = 2 mm and strip width w = 0.2 mm. Each dielectric slab is of thickness
h = 2 mm and permittivity εr = 10.2. The circuit-model results for the transmission response as a function of frequency for both TE/TM polarizations are shown in Fig. 3.12. It
can be observed that the structure exhibits wideband response with half-power bandwidth
(calculated at -3 dB) of 44.82 %. The sensitivity of the response to the angle of incidence
is veriﬁed using the full-wave commercial program HFSS. The comparisons of analytical
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Figure 3.11. Geometry of three-layered structure formed with identical metaﬁlms at the top and bottom, and
a metamesh placed in the middle separated by identical dielectric slabs.

and simulation results for the magnitude of the transmission coeﬃcient for the case of TE
and TM polarizations are depicted in Figs. 3.12 (a) and (b), respectively, showing a very
good agreement. It can be observed that the response of the ﬁlter is stable for both the
cases of TE/TM polarizations with varying incident angles from 0 to 60 degrees.
The transmission characteristics of the wideband ﬁlter depend on the properties of
the metasurface (period (D), gap (g) or strip width (w)), thickness(h), and permittivity
of the substrate. It should be noted that the metaﬁlm/metamesh behave predominantly
as shunt capacitance/inductance, due to the sub-wavelength dimensions. A parametric
study on the eﬀect of the gap (g) between the patches, and the strip width (w) on the
bandwidth of the ﬁlter (Fig. 3.11) has been done with the remaining parameters kept
constant. It is observed, that with an increase of the gap of the patch (i.e. a decrease
in the capacitance) there is an increase in the percentage bandwidth. The bandwidth
increases from 42.46 % to 48.53% with an increase of the gap of the patch grid from 0.1
mm to 0.4 mm, respectively. Also, it is observed that there is a signiﬁcant decrease in
transmission bandwidth with an increase in the strip width of the ﬁshnet grid (decrease in
the inductance). The percentage bandwidth decreases from 56.02% to 29.63% as the strip
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(a)

(b)
Figure 3.12. Comparison of analytical and simulation results for the magnitude of the transmission coeﬃcient
of the three-layered structure as a function of frequency for several values of θ: (a) TE polarization and (b)
TM polarization.
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Figure 3.13. Analytical results for the magnitude of reﬂection and transmission coeﬃcient calculated for
normal incidence.

width increases from 0.1 mm to 0.4 mm. Using the combination of the strip width and
patch gap, it is found that when the values of the gap of the patch grid and strip width of
the ﬁshnet grid are 0.4 mm and 0.1 mm, respectively, there is a considerable increase in
the bandwidth of the structure. The analytical results for the magnitude of the reﬂection
and transmission coeﬃcients in the case of normal incidence are shown in Fig. 3.13. It
can be observed that the half-power transmission bandwidth is now increased to 60.39%,
with the frequency band ranging from 4.98 GHz to 9.29 GHz. The designed ﬁlter operates
in the C-band (4 GHz-8 GHz) and can be used as a planar protective cover for radar or
microwave antennas. It should be noted that the design of planar ﬁlter using layered
structures is not only limited to wideband ﬁlters. Classical ﬁlter design theory from the
text books of microwave engineering (for instance [47]), can be incorporated provided that
the dimensions of the metasurface are of sub-wavelength, and the interaction between the
adjacent grids is only through the TEM mode (no higher-order mode interactions).
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3.6

Conclusion

In this work it has been shown that the study of the wave propagation along stacked
partially reﬂecting surfaces consisting on square closely spaced metal patches separated
by dielectric slabs can be carried out analytically with negligible computational eﬀort by
means of a very simple circuit model. The parameters of the model are known in closed
form. Using this model, the band conﬁguration of the periodic structure resulting of
stacking an inﬁnite number of PRS and slabs can be obtained. A ﬁrst forward low-pass
band is followed by a stopband region after which a backward-wave passband appears.
This band conﬁguration provides important information about the distribution of the
transmission peaks of a realistic structure having a ﬁnite number of PRS and slabs. The
simplest case with only one dielectric slab has been studied in depth and two types of
resonances have been identiﬁed: quasi-lumped and Fabry-Pérot like resonances. The
methodology used in this paper can be useful in the design of planar ﬁlters based on these
structures with a speciﬁc response, for which numerical simulations are cumbersome or
even non-convergent.
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Chapter 4
LOW-TERAHERTZ
TRANSMISSIVITY AND
BROADBAND PLANAR FILTERS
USING GRAPHENE-DIELECTRIC
STACKS
This chapter studies the transmissivity of electromagnetic waves through a stack of dielectric slabs loaded with atomically thin graphene sheets at low-terahertz frequencies. The
study is carried out using a simple transfer matrix approach or, equivalently, a circuit
theory model, resulting in the exact solution. Also, an independent veriﬁcation of the
observed phenomena is carried out with full-wave numerical simulations. The inductive
nature of the graphene at low-THz is explored fully, and as an application the design of
tunable broadband ﬁlters is presented.

4.1

Introduction

Electromagnetic wave interaction with periodic structures has been a subject of research
for several decades. Of particular interest is high optical transmission through a thinmetal-dielectric stack, [29, 30] in spite of extremely weak transmission through an individual isolated thin metal layer. The spectra for such a multilayer structure consist of
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a series of bandpass and bandstop regions. However, mimicking these properties in the
microwave and far-infrared regimes is quite diﬃcult due to the quasi-perfect conductor
behaviour of metals at microwave and low-terahertz frequencies. To overcome this problem, it has recently been proposed in Chapter 2 to replace the thin metallic sheets of the
optical system with metallic mesh grids (periodic arrays of perpendicularly crossed thin
strips), wherein the transmission spectrum at microwaves includes several passband regions of high transmissivity associated with coupled Fabry-Pérot cavity resonances of the
individual reactively loaded dielectric slabs. It should be noted that similar to the thin
metal behaviour at optical frequencies, a free-standing metallic mesh grid represents a
partially reﬂecting surface (PRS) with low transmissivity at microwave/THz frequencies.
These observations are key points in the study presented in this chapter.
In this work we replace the wire mesh grids with graphene sheets, achieving a similar
PRS functionality. In addition to this aspect, graphene is particularly interesting due to
its unique thermal, mechanical, and electrical properties, which making it very useful in
various electronic and electromagnetic applications [55,56]. With the recent developments
in the fabrication of graphene with large lateral dimensions [57, 58], there have been numerous graphene applications at optical, infrared, and terahertz frequencies as tunable
waveguiding interconnects [59], pn junctions [60], and waveguiding structures [61–63],
among others. Recently, it has been shown that a surface plasmon mode can be strongly
excited along a graphene monolayer with a point source [64, 65], and experimental investigations have been performed for graphene-based plasmonic waveguides [66]. In particular, the low-terahertz band has been of interest, with graphene used for frequency
multiplication, [67] plasmon oscillators, [68] and cloaking. [69] In this paper, we report
on the transmissivity of electromagnetic waves through a stack of monolayer graphene
sheets separated by dielectric slabs (with the geometry shown in Fig. 4.1). It is observed
that, at low-terahertz frequencies (several THz), resonances of high transmission occur,
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with the number of transmission peaks corresponding to the number of dielectric layers.
These transmission resonances lie within a characteristic frequency band independent of
the number of layers, which correspond to the passband regime of an inﬁnite periodic
structure. A similar behaviour has been observed with a stack of metallic meshes separated by dielectric slabs at microwaves (and, in general, THz frequencies) and with a
thin-metal-dielectric stack at optical frequencies [30]. However, graphene sheets used in
the stack shown in Fig. 4.1 are atomically thin monolayers that behave as reactive inductive surfaces (with low real part and negative imaginary part of the surface conductivity
of graphene at low-terahertz frequencies [65, 70]). In addition, it will be shown that a
graphene sheet has a low transmissivity at low-terahertz frequencies and behaves similar
to that of a partially-reﬂective surface at microwaves/THz frequencies. In this regard,
a graphene monolayer at low-terahertz frequencies mimics the properties of a reactive
inductive surface at microwave/THz frequencies (for example, metallic mesh grid) as well
as that of a thin solid metallic surface at optical frequencies.

Figure 4.1. Geometry of a stack of atomically thin graphene sheets separated by dielectric slabs with a
plane-wave incidence.
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4.2

Surface conductivity of graphene

In the analysis to follow, graphene is characterized by the following surface conductivity
σ(ω, µc , Γ, T ) model based on the Kubo formula [70]
je2 (ω − jΓ)
σ(ω, µc , Γ, T ) =
2
[
)
∫ ∞ ( π~
1
∂fd (ε) ∂fd (−ε)
×
ε
−
dε
∂ε
∂ε
(ω − jΓ)2 0
]
∫ ∞
fd (−ε) − fd (ε)
−
dε
(ω − jΓ)2 − 4 (ε/~)2
0

(4.2.1)

where −e is the charge of an electron, ω is the radian frequency, ~ = h/2π is the reduced
(
)−1
Planck’s constant, fd (ε) = e(ε−µc )/kB T + 1
is the Fermi-Dirac distribution, kB is Boltzmann’s constant, T is temperature, ε is the energy, µc is the chemical potential, and Γ
is the phenomenological scattering rate which is assumed to be independent of energy ε.
The ﬁrst term in (4.2.1) is due to intraband contributions, and can be evaluated in closed
form as [70]
σintra

e 2 kB T
= −j 2
π~ (ω − jΓ)

(

)
( −µc /k T
)
µc
B
+ 2 ln e
+1 .
kB T

(4.2.2)

The second term is due to interband contributions approximated for kB T ≪ |µc |, ~ω
as [70],
σinter

−je2
ln
=
4π~

(

2|µc | − (ω − jΓ) ~
2|µc | + (ω − jΓ) ~

)
.

(4.2.3)

From the above two expressions it is found that, in the far-infrared regime, the contribution due to the interband electron transition is negligible [70]. Thus, the surface conductivity of graphene is found to depend predominantly on intraband transitions (given
by (4.2.2)), and is complex-valued with a negative imaginary part. This conductivity
corresponds to the surface impedance of a graphene monolayer, Zs = 1/σ, which at lowterahertz frequencies behaves as a low-loss inductive surface due to small values of Re{σ}.
This behavior of the surface impedance is similar to that of the sub-wavelength metallic
mesh grid at microwave/THz frequencies [21].
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Figure 4.2. Reﬂectivity, |R|2 , and transmissivity, |T |2 , of a free-standing graphene sheet for µc = 1 eV.

With the graphene sheet characterized by a complex surface conductivity, and since
the interaction in a graphene dielectric stack is by plane-wave reﬂection and transmission
(no higher-order modes are excited), the transmissivity, |T |2 , and the reﬂectivity, |R|2 ,
of the graphene-dielectric stack can be obtained by applying the two-sided impedance
boundary conditions at the graphene-dielectric interfaces [70] with the use of a transfer
matrix approach for dielectric layers, resulting in the exact solution for the multiple
dielectric/graphene sheet surface-conductivity model. Alternatively, the analysis can be
carried out using the simple circuit theory model described in Ref. [21], wherein graphene
sheets are modelled as shunt admittances, Ys = σ. In what follows, the results obtained
with this approach will be called transfer matrix. Also an independent veriﬁcation is
obtained with a ﬁnite-element method (FEM) commercial simulation code (HFSS [44]).
In this analysis it is assumed that the lateral dimensions of the graphene are greater than
a few tens of micrometer (i.e., much greater than the mean-free path of electrons).
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Figure 4.3. Transfer matrix and FEM/HFSS results of the transmissivity, |T |2 , for a two-sided graphene
structure with a plane wave at normal incidence. Structural parameters: h = 10 µm, εr = 10.2, and µc = 0.5
eV.

4.3

Graphene-dielectric stack

In all the simulations (transfer matrix and FEM/HFSS) Γ = 1/τ = 1.32 meV (τ = 0.5
ps, which corresponds to a mean-free path of several hundred nanometers), and T = 300
K.
First, we consider the reﬂection and transmission properties of a free-standing graphene
sheet in air. The results for the reﬂectivity, |R|2 , and transmissivity, |T |2 , shown in Fig. 4.2
are obtained as the solution for a plane-wave incidence with the sheet impedance boundary condition at the graphene interface with the surface impedance Zs = 1/σ (see also
Eq. 35 in Ref. [70] for the reﬂection and transmission coeﬃcients). It can be seen that at
low-terahertz frequencies (several THz) the transmissivity is low (reﬂectivity is high), and
the graphene sheet behaves similar to an inductive PRS at microwave/THz frequencies
(for example, metallic mesh grid with sub-wavelength dimensions acting as a high-pass
ﬁlter [38]).
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Figure 4.4. Transmissivity, |T |2 , of four-layer and eight-layer graphene-dielectric stack structures. Structural
parameters: h = 10 µm, εr = 10.2, and µc = 1 eV.

Next, we consider the case of a dielectric layer (with thickness h = 10 µm and permittivity εr = 10.2 ) sandwiched between two graphene sheets (two-sided graphene structure).
The transfer matrix results of the transmissivity are depicted in Fig. 4.3, along with the
simulation results obtained with commercial program HFSS [44] (based on the ﬁnite element method). It can be seen that a transmission resonance appears at low frequencies
(when compared to the typical FP resonance of the dielectric slab without the graphene
sheets), and is associated with the FP-type resonance of the dielectric slab loaded with
graphene sheets. The graphene sheets play the role of reactive (inductive) loadings which
eﬀectively increase the electrical length of the two-sided graphene-dielectric cavity. A
similar eﬀect can be observed with the mesh grid structure [21], wherein the inductive reactance of sub-wavelength grids corresponds to the stored magnetic energy of evanescent
higher-order Floquet harmonics of a periodic structure (operating at frequencies below
the diﬀraction limit). However, an advantage of the graphene sheets is that higher-order
Floquet harmonics are not excited, and the inductive reactance of graphene is directly
related to the properties of the material (such that at low-terahertz frequencies Im{σ} < 0
and Re{σ} has relatively small values).
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With a further increase in the number of identical layers (dielectric slabs with the
same permittivity and graphene sheets biased with the same chemical potential) each
single peak of the single-layer case is replaced by N peaks of the N-layer case (N dielectric
slabs and N+1 graphene sheets), as occurs in, e.g., atomic level splitting in forming
molecules. Also, all these peaks lie in a characteristic frequency band (within a bandpass
region followed by a bandstop region). The calculations based on the transfer matrix
method for the transmissivity of four- and eight-layer graphene structure are depicted
in Fig. 4.4, showing the observed phenomena. The transmission peaks corresponding to
the lower-band edges are hardly visible in the ﬁrst pass-band for the case of four- and
eight-layer structure, because of signiﬁcant losses in the graphene sheets. Nevertheless,
there are as many peaks as slabs in the second pass-band. Similar eﬀects are observed
with the stack of metallic sub-wavelength meshes separated by identical dielectric slabs
at microwaves, and the underlying physics has been explained in relation to band-gap
properties of the corresponding inﬁnite structure. The same explanation of bandpass and
bandstop behavior is applicable for the case of a graphene-dielectric stack considered here
at low-terahertz frequencies. It should also be noted that the bandpass and bandstop
behavior is dependent on the geometrical and material parameters of the dielectric slabs
and graphene sheets, but not on the overall length of the multilayer structure.
As an example, we consider the case of the four-layered graphene structure, with the
same parameters of the dielectric layer used in the calculations of Fig. 4.3, but with
diﬀerent values of the chemical potential µc (electrostatic bias) for the graphene sheets.
The transfer matrix results for the transmissivity/reﬂectivity of the structure are depicted
in Fig. 4.5, along with the FEM/HFSS results. It can be observed that there is no
signiﬁcant change in the frequency corresponding to the upper-band edge for µc = 0.5
eV and µc = 1 eV. However, there is a considerable shift in the frequency corresponding
to the lower-band edge. Also, it is noticed that the upper frequency band edge is the
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Figure 4.5. Transfer matrix and FEM/HFSS results of the (a) transmissivity, |T |2 , and (b) reﬂectivity, |R|2 ,
for a four-layer graphene-dielectric stack with µc = 0.5 eV and µc = 1 eV. Structural parameters: h = 10 µm
and εr = 10.2.
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FP limit of the single dielectric layer (without graphene sheets), and the lower-band edge
depends largely on the graphene impedance controlled by the chemical potential. This
observation is consistent with the theory reported in Ref. [21] for mesh grid-dielectric stack
at microwaves. Thus, by varying the chemical potential of the graphene sheets (without
changing the structural parameters), the transmission band (bandpass) of the structure
can be controlled.
In Fig. 4.6, we plot the tangential electric ﬁeld distributions predicted by the transfer
matrix approach for the four transmission peaks that can be observed in Fig. 4.5 for the
case of µc = 1 eV in the ﬁrst transmissivity band (labelled in Fig. 4.6 as modes A, B, C,
and D, calculated at the resonant frequencies of 1.843 THz, 2.353 THz, 3.099 THz, and
4.011 THz, respectively) along the propagation direction z. It should be noted that the
the lower-band edge (mode A at 1.843 THz) is chosen at the frequency corresponding to
the minimum of reﬂectivity (shown in Fig. 4.5(b)), and also it is observed that at this
frequency the electric ﬁelds in the individual coupled graphene-dielectric cavities oscillate
in phase with each other [21]. It can be observed that each of the four resonance modes
are associated with a speciﬁc ﬁeld pattern along the propagation direction (z). The ﬁeld
values are relatively small over each of those internal graphene sheets for mode D. For
mode A, none of the internal graphene sheets have low electric ﬁeld values. The observed
electric ﬁeld distributions for the resonance modes are qualitatively analogous to that
observed in a mesh grid-dielectric stack at microwaves (see Chapter 2). It should be
noted that the eﬀect of an inductive reactance at the end of a transmission line section
(as a dielectric slab loaded with graphene sheets) with a signiﬁcant voltage excitation is
related to an increase of the apparent (or equivalent) length of that section.
In addition, in Fig. 4.7 we present the magnitude of the total electric-ﬁeld distributions
in the four-layer graphene-dielectric stack calculated with HFSS (with the same parameters as in Fig. 4.5 for µc = 1 eV). The results are obtained at the resonant frequencies of
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Figure 4.6. Field distributions for the four resonance modes of the four open and coupled Fabry-Pérot cavities
that can be associated to each of the dielectric slabs in the stacked structure. The numerical (HFSS, red
curves) and analytical (circuit model, blue curves) results show a very good agreement.

the modes A, B, C, and D, clearly demonstrating the ﬁeld distributions associated with
those shown in Fig. 4.6.
Reactive power distributions in the same four-layer graphene-dielectric stack are calculated with HFSS at the resonant frequencies of the modes A, B, C, and D, as shown
in Fig. 4.8. For mode A it can be clearly seen that the reactive power is concentrated
around the graphene sheets. For modes B and D the power level is low in the middle
graphene sheet (due to null of the electric ﬁeld), which is consistent with the electric-ﬁeld
distributions shown in Figs. 4.6 and 4.7.
A ﬁnal example concerns the mechanical properties of graphene in the multilayered
environment. In order to fabricate a graphene-dielectric stack a thicker dielectric substrate
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(a)

(b)

Figure 4.7. Magnitude of the total electric-ﬁeld distributions of the four resonance modes in the four-layer
graphene-dielectric stack calculated using HFSS.

(a)

(b)

Figure 4.8. Reactive power distributions of the four resonance modes in the four-layer graphene-dielectric
stack calculated using HFSS.
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Figure 4.9. Transmissivity, |T |2 , of a four-layer graphene-dielectric stack. Structural parameters: h = 250
µm, εr = 2.2, and µc = 1 eV.

is sometimes needed for mechanical handling of graphene. As one example of this case,
in Fig. 4.9 the calculations based on the transfer matrix approach for the transmission
response of the four-layered graphene structure formed by thick dielectric slabs (with
h = 250 µm and εr = 2.2) are shown. It can be observed that the structure exhibits a
series of bandpass regions separated by the bandgaps, similar to the previous examples.

4.4

Broadband planar filters

In this section we present the design of broadband planar ﬁlters using an atomically thin
graphene sheet at low-THz frequencies. As an example, we consider a simple structure
formed by sandwiching an atomically thin graphene sheet between two symmetric dielectric slabs (with h = 1.5 µm and εr = 10.2) as shown in Fig. 4.10. The analytical results
of the transmissivity are depicted in Fig. 4.11. It can be observed that the structure
exhibits broadband transmission, and the transmission characteristics depend strongly

66

Figure 4.10. Cross-section view of a graphene sheet sandwiched between two identical dielectric slabs. Each
dielectric slab is of thickness h and permittivity εr .
Table 4.1. Lower and upper frequency band edges of the sandwiched graphene structure with the dimensions
and electrical parameters in Fig. 4.11 as a function of the chemical potential, µc .

µc (eV)
1
0.5
0.2

fLB (THz)
2.33
1.49
0.78

fU B (THz)
6.24
5.20
4.44

on the chemical potential (µc ) of the graphene sheet. The calculated lower (fLB ) and
upper (fU B ) frequency band edges of the transmission band are given in Table 4.1, as a
function of the chemical potential of the graphene sheet. It can be observed that, with
an increase in the chemical potential the transmission band can be shifted to higher frequencies, without any signiﬁcant change in the half-power transmission bandwidth. Thus,
tunable broadband ﬁlters can be designed using an single graphene sheet by varying the
chemical potential (electrostatic bias) of the graphene sheet.
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Figure 4.11. Transmissivity, |T |2 , of the graphene sheet sandwiched between dielectric slabs, calculated for
diﬀerent values of chemical potential µc . Structural parameters used: h = 1.5 µm and εr = 10.2.

4.5

Conclusion

Transmission properties of various graphene-dielectric stacks have been analyzed at lowterahertz frequencies. Similar eﬀects of the transmission behavior through graphenedielectric stack has been noticed with respect to the mesh grid-dielectric stack. The characteristics of the bandpass region (consisting of transmission peaks) of the transmission
spectra are explained in terms of Fabry-Pérot resonances by correlating to the bandpass
regions of mesh grid-dielectric stack (studied at microwaves). The study has been carried
using an analytical model, and the results are veriﬁed using the numerical simulations.
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Part II
Homogenization of Uniaxial Wire
Medium

69

Chapter 5
HOMOGENIZATION OF
UNIAXIAL WIRE MEDIUM: AN
INTRODUCTION
Artiﬁcial dielectrics to characterize materials with eﬀective permittivity and eﬀective
permeability, that mimic the behavior of natural materials, have been used in early 1950 at
microwaves [71]. Typically, these materials are formed by periodic inclusions of elements
(scatterers), with the lattice size being much smaller than the wavelength of the impinging
electromagnetic wave. A particularly interesting case of the artiﬁcial dielectric considered
is the rodded medium [72–75]. This medium is generally referred as wire medium. A
uniaxial wire medium is a collection of long (theoretically inﬁnite) parallel conducting thin
wires that are all oriented along the same axis as shown in Fig. 5.1. Wire media (also called
as artiﬁcial plasma) has a plasma-like frequency dependent permittivity, and has been
used for plasma simulations at microwaves [76]. Since the introduction of the concept of a
“perfect lens” by Pendry [12], the wire medium has been revisited because of its negative
permittivity behavior in a wide frequency range. The present day metamaterials have a
direct historical link to the artiﬁcial dielectrics. Wire media has been used as one of the
components in the creation of double negative media [77], and is being extensively studied
towards novel applications in the design of metamaterials [43] and antenna technology [78,
79], among others.
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Figure 5.1. 3-D geometry of a uniaxial wire medium: An array of perfectly conducting parallel thin wires
arranged in a square lattice.

Wire medium is described generally at low frequencies as a uniaxial material, whose
permittivity dyadic, with the wires oriented along the z-axis, can be expressed as
ε̄¯
= εh (x0 x0 + y0 y0 ) + εzz z0 z0
ε0

(5.0.1)

where εh is the relative permittivity of the host material and εzz is the relative permittivity
along the wires expressed using a conventional Drude dispersion formula (local dielectric
permittivity) [72–76] of the form
)
(
kp2
εzz = εh 1 − 2
(5.0.2)
kh
√
where kp is the plasma wavenumber, kh = k0 εh is the wavenumber in the host material,
k0 = ω/c is the free space wavenumber, ω is the angular frequency, and c being the speed of
light in vacuum. The Drude formula (5.0.2) was examined experimentally in early works,
but only the waves propagating normally to the wires were considered. However, it was
shown recently in [15] that the above mentioned analysis leads to non-physical results if
the wave vector in the wire medium has a nonzero component along the direction of the
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vias, and must be substituted by a nonlocal dispersive relation resulting in the following
expression

(
εzz (ω, kz ) = εh 1 −

kp2
kh2 − kz2

)
(5.0.3)

where kz is the z-component of the wave vector k. The dependence of the permittivity on
the wave vector is a consequence of the fact that the macroscopic electric displacement
D cannot be linked to the macroscopic electric ﬁeld E through a local relation. This
means that the spatial dispersion is taken into account, and the electric displacement at
a given spatial point depends not only on the electric ﬁeld E at the same point but also
on the electric ﬁeld in some neighbourhood. The nonlocal dielectric function (5.0.3) was
ﬁrst proposed by Shvets [80]. The rigorous proof of (5.0.3) is based on the local ﬁeld
approach, and is described in detail in Ref. [81]. Also, (5.0.3) can be obtained using
the nonlocal homogenization theory of structured materials, and a detailed derivation is
reported in [82]. However, a more simpliﬁed analysis is presented in Ref. [15].
Assuming that the medium can be described by the uniaxial dyadic given by (5.0.1),
the dispersion equation for the extraordinary plane waves can be obtained by substituting
(5.0.1) into Maxwell’s equations, resulting in the following expression:
(
)
εh kx2 + ky2 = εzz (kh2 − kz2 )

(5.0.4)

Following Ref. [15], these extraordinary plane waves (Ez ̸= 0) correspond to the well
known TMz set of modes, allowed by the invariance of the boundary conditions along z.
Thus, for any extraordinary wave travelling with a wavenumber kz , along the z -axis, the
Ez ﬁeld should satisfy the Helmholtz equation
)
(
)
( 2
∂
∂
2
+
+ kh − kz Ez = 0,
∂x2 ∂y 2

(5.0.5)

with the boundary condition Ez = 0 on the wires. That is any plane extraordinary wave
must satisfy

√
kh =

2
k(k
+ kz2 .
x ,ky ,0)
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(5.0.6)

(a)

(b)

Figure 5.2. A ﬁnite length of wire medium hosted in a material with permittivity εh illuminated by a TMpolarized plane wave (a) cross-section view and (b) top view.

This result is incompatible with (5.0.2), as can be observed when one substitutes
(5.0.2) into (5.0.4). However, if one chooses (5.0.3), then (5.0.4) becomes compatible with
(5.0.6), giving the following dispersion equation for the extraordinary plane wave:

kx2 + ky2 + kz2 = kh2 − kp2 .

(5.0.7)

However, one is interested in the solution of a simple plane-wave scattering problem
involving a ﬁnite block of the wire media as shown in Fig. 5.2. For plane-wave incidence,
the ﬁelds in the wire-medium slab are expressed in terms of the plane-wave modes supported by the unbounded medium. Because the WM is characterized by spatial dispersion
eﬀects, it supports additional electromagnetic waves. Using (5.0.1) along with (5.0.3) in
the Maxwell’s equations in free space, one can obtain the following dispersion equations
supported by the unbounded wire medium,
√

kz,TM

kz,TE = kh2 − kx2 − ky2 ,
√
= −j kp2 + kx2 + ky2 − kh2 ,

(5.0.8)

kz,TEM = kh .

(5.0.10)

(5.0.9)

Wire medium supports three type of plane wave modes: TEz (ordinary wave); the
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ordinary wave does not interact with the wires, and sees an eﬀective medium as the host
medium, TMz (extraordinary wave); the extraordinary wave interacts with the wires, and
corresponds to nonzero currents in the wires and nonzero electric ﬁeld along the wires,
and TEM (transmission-line wave); this wave corresponds to nonzero currents in the wires
and zero electric ﬁeld along the wires, and can have any wave vector in the transverse
direction x.
Many electromagnetic problems involving non-local (spatially dispersive) media cannot be uniquely solved without applying additional boundary conditions(ABCs). This is
because the independent eigenwaves in such media typically outnumber the eigenwaves
in local materials. The problem of the additional boundary conditions has a long history [83–88], but there is no general method available for obtaining additional boundary
conditions. This is because the ABCs depend on the internal variables of the structure,
that describe the excitations responsible for the SD eﬀects. The nature of the ABCs
depend on the speciﬁc microstructure of the material and can be determined only based
on the microscopic model that describes the dynamics of the internal variables. Even the
classical Maxwellian boundary conditions that are derivable directly from the Maxwell
equations in the case of local media cannot be obtained, in general, in the same manner
for an interface of two spatially dispersive materials.
Inspite of these diﬃculties, additional boundary conditions which are pertinent to
speciﬁc wire media composition, have been introduced by Silveirinha [16, 17]. In [16, 17]
the scattering of a plane wave by a grounded WM slab with wires normal to the interface
was studied using eﬀective medium theory, with the ABCs derived at the interfaces of the
WM with air, and at the connection to the ground plane. Here, the ABCs were derived
based on the fact that the microscopic current along the wires must vanish at the tip of the
wires, and the microscopic electric charge density vanishes at the connection of wire end to
the ground plane. Later, the study was extended to characterize the reﬂection properties

74

from mushroom-type HIS clearly explaining the role of SD in these structures [18, 19].
Speciﬁcally, in [18, 19] it has been shown based on nonlocal and local homogenization
models that the periodic metallic vias in the mushroom structure can be treated as a
uniaxial continuous ENG material loaded with a capacitive grid of patches, with a proper
choice of the period and the thickness of the vias. Also, the ABCs were extended to the
modeling of the mushroom structure formed with thin resistive patches at the junction of
the wire media [89].
More recently, a simple modeling for a class of wire media was introduced by Maslovski
and Silveirinha [25], explaining the SD eﬀects with simple quasistatic considerations.
Under the quasi-static approximation, the relation between the full electromagnetic description of WM and the transmission line analogy can be readily established using a
simple analytical model based on the eﬀective inductance and eﬀective capacitance per
unit length of a wire. This has been done based on the well-known fact that the wire
arrays forming the WM can be understood as being equivalent to multiwire transmission
lines [15]. It should be noted that this model is in principle valid for a wide class of wire
media (e.g., wires with attached conducting bodies). However, it treats the loaded WM
as a continuous material, and does not take into account the granularity of the structure
along the direction of the wires (i.e., the loading is assumed to be eﬀectively continuous
along the wires). Here in this work, we improve the model to account for discontinuities in
the distributions of wire current and charge at the points of impedance loadings (metallic
patches/lumped loads) [26]. The discontinuities in the wire current and charge are taken
into account through the derived additional boundary conditions. Later on we describe
diﬀerent homogenization models resulting from the studies of Ref. [25,26] and apply them
for the analysis of reﬂection/transmission properties of the structured WM slabs. In the
next sections we review the local, nonlocal, and quasi-static models of the WM.
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5.1

Nonlocal homogenization model

For long wavelengths the WM can be characterized by a spatially-dispersive model of a
uniaxial material with the eﬀective relative permittivity along the vias given by (5.0.3)
as [18, 19],
εnonloc
(ω, kz )
zz

(
= εh 1 −

kp2
kh2 − kz2

)
(5.1.1)

with the notations as described before. Here, kp is the so-called plasma wave number
deﬁned in Ref. [15] as

√
kp =

2π/a2
.
log(a/2πr0 ) + 0.5275

(5.1.2)

It should be noted that the plasma wave number depends on the period and on the radius
of the vias. The nonlocal model predicts the propagation of TM and TEM ﬁelds in the
wire medium [17]. Suppose that a plane wave with the y-polarized magnetic ﬁeld (TM
polarization) is incident at an angle θi (with the plane of incidence chosen as the x -z plane)
on the structure as shown in Fig. 5.2. Following Ref. [17], the electric and magnetic ﬁelds
in the WM slab (with the nonlocal dielectric function (5.1.1)) can be expressed in terms
of waves propagating along opposite directions with respect to the z -axis:
η0 Hy =

+
−
+γTM z
−γTM z
A+
+ A−
+ BTEM
e+γTEM z + BTEM
e−γTEM z
TM e
TM e

Ex =

(
)
j [
+γTM z
−γTM z
γTM A+
− A−
TM e
TM e
ε h k0
( +
)]
−
+γTEM BTEM
e+γTEM z − BTEM
e−γTEM z

Ez = −

kx
TM
εzz k0

(

+γTM z
−γTM z
A+
+ A−
TM e
TM e

)

(5.1.3)

(5.1.4)
(5.1.5)

√
where γTEM = jk0 εh is the complex propagation factor of the TEM mode in the uni√
axial WM, γTM = kp2 + kx2 − k02 εh is the complex propagation factor of the TM mode,
)
( 2
2
2
kx = k0 sin θi is the x -component of the wave vector ⃗k, εTM
zz = εh kx / kp + kx is the relative permittivity along the vias for TM-polarization, and η0 is the intrinsic impedance of
free space.
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As discussed before the formalism based on the nonlocal model can only be applied
to solve for the problem of interfaces (ﬁnite block of metamaterial), by assuming certain
additional boundary conditions. This is because, as soon as there is an interface at which
the wires are cut, or in general attached to a metallic patch/ground, the properties of the
WM change abruptly, and one has to assume certain ABCs at the interface.

5.2

Local homogenization model

In the local homogenization model, the WM slab (as a uniaxial continuous ENG material)
is characterized for long wavelengths by the classical Drude dispersion model (5.0.2), which
does not take into account SD eﬀects [18, 19]:
εloc
zz (ω)

(
)
kp2
= εh 1 − 2 .
kh

(5.2.1)

This approximation is valid when the current along the vias is uniform (or for long
vias at low frequencies when the WM can be characterized as a material with extreme
anisotropy) [17]. Within the local model formalism, the amplitudes of the electric and
magnetic ﬁeld components in the WM slab are expressed as follows:
η0 Hy = H + e+γz + H − e−γz
Ex = −

)
jγ ( + +γz
H e
− H − e−γz
ε h k0

(5.2.2)
(5.2.3)

where γ is the propagation constant in the WM slab along the direction of the vias given
in Refs. [18, 19],

√
γ=

kx2
− kh2 .
εloc
zz

(5.2.4)

The local model takes into account only the eﬀect of frequency dispersion in the WM
slab, and treats the WM as an ENG uniaxial continuous material below the plasma
frequency. The local model does not require an ABC, as it does not take into account the
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SD eﬀects in the WM. It should be noted that the local homogenization model may predict
accurately the response of the structure when the SD eﬀects are signiﬁcantly reduced.

5.3

Quasi-static modeling of an uniaxial WM

Following Ref. [25] the spatial dispersion in dense wire media can be explained with simple
quasi-static considerations. Namely, in this model a current Iz , a charge q per unit length,
and an additional potential φ due to this charge, are associated to each wire so that the
ﬁeld equations in a uniaxial WM with wires oriented along the z-axis can be written as
∇ × E = −jωµ0 H

(5.3.1)

∇ × H = jωε0 E + J

(5.3.2)

J=

⟨Iz ⟩
ẑ
Acell

∂⟨φ⟩
= −(jωL + Zw )⟨Iz ⟩ + Ez
∂z
∂⟨Iz ⟩
≡ −jω⟨q⟩ = −jωC⟨φ⟩
∂z

(5.3.3)
(5.3.4)
(5.3.5)

where ε0 and µ0 are the permittivity and the permeability of the host material in which
the wires are immersed (e.g., vacuum in the simplest case), E and H are the averaged
(macroscopic) electric and magnetic ﬁelds in the medium, the angular brackets ⟨. . .⟩ represent any suitable interpolating (averaging) operator that smoothens the microscopic
quantities deﬁned at discrete wires and makes them continuous through all volume. In
(5.3.3) J is the macroscopic polarization current in the wire medium, Acell is the area of
the unit cell in the x-y plane, which for the square lattice of wires is Acell = a2 , where
a << λ is the lattice period.
Equation (5.3.4) can be obtained by integrating the microscopic electric ﬁeld over the
rectangular contour marked with arrows as shown in Fig. 5.3 [25]. In (5.3.4) and (5.3.5),
Ez ≡ ẑ · E, and L, C, and Zw are the eﬀective inductance, eﬀective capacitance, and
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Figure 5.3. A pair of wires of the uniaxial wire medium. The integration path is shown by the rectangular
contour marked with arrows. Adapted from [25].

loss impedance per unit length of a wire, respectively. The additional potential at each
wire is deﬁned as an integral of the radial component of the electric ﬁeld in a vicinity
of a wire. With a suitable choice of the coordinate system (see Fig. 5.3) this integral
∫ a/2
can be written as φ(z) = r0 ex (x, z)dx, where r0 is the radius of the wire, ex is the
x-component of the microscopic electric ﬁeld around the wire, and the integration is done
till the middle point in a pair of neighboring wires. With this deﬁnition of the additional
potential the eﬀective capacitance is found as C = 2πε0 / log[a2 /4r0 (a − r0 )] and the
eﬀective inductance as L = (µ0 /2π) log[a2 /4r0 (a − r0 )] [25]. It is seen that in an unloaded
uniaxial wire medium LC = ε0 µ0 . More generally, the additional potential could be as
well regarded as the average potential diﬀerence between a given wire and the boundary
of the corresponding unit cell.
It is possible to obtain the permittivity dyadic of the uniaxial WM along the direction
of the wires (z) using (5.3.1)-(5.3.5). The macroscopic displacement ﬁeld along the wires
can be described in terms of the macroscopic (averaged) electric ﬁeld and the polarization
current as [25],
Dz = ε0 Ez +
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Jz
.
jω

(5.3.6)

Now using (5.3.3), (5.3.4), and (5.3.5) in the above equation and assuming that the current
in the wires is of the form Iz (z) = I0 e−jkz z , the longitudinal permittivity dyadic after some
straightforward simpliﬁcation can be expressed as
εzz
µ0 /Acell L
).
=1− (
√
jk0 Zw ε0 µ0 kz2 ε0 µ0
ε0
2
−
k0 −
L
LC

(5.3.7)

Following the notations as deﬁned in Ref. [25], (5.3.7) can be expressed as
kp2
εzz
=1− 2
ε0
k0 − jξk0 − kz2 /n2

(5.3.8)

√
where kp2 = µ0 /Acell L is the plasma wave number, ξ = Zw ε0 µ0 /L, and n2 = LC/ε0 µ0
is the square of the slow-wave factor, which determines the degree of non-locality of the
materials response. It can be observed that for the case of perfectly conducting wires
(lossless, Zw = 0), (5.3.8) reduces to the nonlocal permittivity (5.1.1) (with εh = 1)
for the WM standing in free space. For more detailed information of the quasi-static
modelling of wire medium and connected wire medium (3-D wire mesh) the reader is
referred to [25, 43, 90].
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Chapter 6
CHARACTERIZATION OF
NEGATIVE REFRACTION WITH
MULTILAYERED
MUSHROOM-TYPE
METAMATERIALS AT
MICROWAVES
In this chapter, we show that bulk metamaterials formed by multilayered mushroom-type
structures enable broadband negative refraction. The metamaterial conﬁgurations are
modelled using homogenization methods developed for a uniaxial wire medium loaded
with periodic metallic elements (for example, patch arrays). It is shown that the phase
of the transmission coeﬃcient decreases with the increasing incidence angle, resulting in
the negative spatial shift of the transmitted wave. The homogenization model results
are obtained with the uniform plane-wave incidence, and the full-wave CST results are
generated with a Gaussian beam excitation, showing a strong negative refraction in a
signiﬁcant frequency band. We investigate the eﬀect of introducing air gaps in between
the metamaterial layers, showing that even in such simple conﬁguration the negative
refraction phenomenon is quite robust.
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6.1

Introduction

Negative-index metamaterials have been the subject of interest in recent years, due to
their extraordinary properties such as, partial focusing, sub-wavelength imaging, and
negative refraction. In particular, the phenomenon of negative refraction has attracted
attention both in the optical and microwave communities. This phenomenon can in general be observed in materials with simultaneously negative permittivity and permeability,
as originally suggested by Veselago [4]. However, the emergence of negative refraction
due to a negative phase velocity has been reported much earlier by Schuster [5] and Mandelshtam [6]. Although, negative refraction is not observed in conventional dielectrics,
the advent of metamaterials brought new opportunities to observe this phenomenon, as
reported recently in the literature.
In Refs. [7,10,11], negative refraction and partial focusing have been realized using the
materials with indeﬁnite anisotropic properties, in which not all the principal components
of the permittivity and permeability tensors have the same sign. Also, some other interesting possibilities include the use of a nonlocal material formed by a crossed wire mesh,
which results in broadband negative refraction [8], and by engineering the dispersion of
the photonic crystals [9]. Recently, negative refraction was also observed at optical frequencies by using an array of metallic nanorods [13,14]. However, the design considered in
Refs. [13] and [14] is eﬀective only at optical frequencies, where the plasmonic properties
of metal play a dominant role. At lower THz and microwave frequencies the array of
nanorods is characterized by strong spatial dispersion [15], and it behaves very diﬀerently
from a material with indeﬁnite properties.
However, it has been recently shown that the spatial dispersion (SD) eﬀects in wire
medium, formed by a two-dimensional lattice of parallel conducting wires, can be signiﬁcantly reduced [18, 19, 91]. In Ref. [91], it was suggested coating the wires with a
magnetic material or attaching large conducting plates to the wires. In Refs. [18, 19], it
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has been shown based on nonlocal and local homogenization models that the periodic
metallic vias in the mushroom structure can be treated as a uniaxial continuous EpsilonNegative (ENG) material loaded with a capacitive grid of patches, with a proper choice
of the period and the thickness of the vias. Based on these ﬁndings, here we show that
by periodically attaching metallic patches to an array of parallel wires (with the unit cell
representing in part the mushroom structure) it is possible to synthesize a multilayered
local uniaxial ENG material at longer wavelengths loaded with patch arrays.
In this work, we show that by periodically attaching metallic patches to an array
of metallic wires (when SD eﬀects are signiﬁcantly reduced) it is possible to mimic the
observed phenomenon of negative refraction from an array of metallic nanorods at optical
frequencies, in the microwave regime [20]. We present a complete parametric study of
the negative refraction eﬀect, highlighting its dependence on frequency, thickness of the
metamaterial slab, and show how it can be conveniently modelled using eﬀective medium
theory. In addition, we investigate the eﬀect of introducing air gaps in between the
diﬀerent metamaterial layers [formed by periodically attaching pairs of metallic patches
to an array of metallic vias embedded in a single dielectric slab], and show that such
simple conﬁguration enables the control of the negative refraction angle. The propagation
characteristics in the proposed multilayered mushroom structures are analyzed using the
nonlocal and local homogenization models for the wire medium (WM). Our results show
that there is an excellent agreement between the two homogenization models over a wide
frequency range, which demonstrates, indeed, the suppression of SD eﬀects in the WM.
The numerical results are presented for several conﬁgurations (with and without the air
gaps) showing a broadband strong negative refraction at microwave frequencies.
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Figure 6.1. 3-D view of a multilayered mushroom-type metamaterial formed by periodically attaching metallic
patches to an array of parallel wires.

6.2

Homogenization of multilayered mushroom-type
metamaterial

The multilayered mushroom structure is formed by the grids of metallic square patches
separated by dielectric slabs perforated with metallic pins (vias) connected to the metallic
elements. The geometry of the structure with a TM-polarized plane-wave incidence is
shown in Fig. 6.1. Here, a is the period of the patches and the vias, g is the gap between
the patches, h is the thickness of the dielectric layer between the patch arrays, εh is the
permittivity of the dielectric slab, and r0 is the radius of the vias.
In our analytical model, the dielectric slabs perforated with vias are modelled as WM
slabs, and the patch arrays are treated as homogenized surfaces with the capacitive grid
impedance obtained from the eﬀective circuit parameters for sub-wavelength elements [23].
For completeness, we consider two diﬀerent homogenization models (nonlocal and local)
for the wire medium as described in the sections to follow, with the aim of demonstrating
that in the proposed multilayered conﬁguration (Fig. 6.1) the SD eﬀects are signiﬁcantly
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reduced. A time dependence of the form ejωt is assumed and suppressed.

6.2.1

Nonlocal homogenization model

Following the nonlocal homogenization model presented in Sec. 5.1, the eﬀective relative
permittivity along the vias (Refs. [18, 19], and references therein) is given as
(
)
kp2
nonloc
εzz (ω, kz ) = εh 1 − 2
kh − kz2

(6.2.1)

with the notations as deﬁned in Sec. 5.1. The electric and magnetic ﬁelds in the WM slab
can be expressed in terms of waves propagating along opposite directions with respect to
the z -axis by (5.1.3), (5.1.4), and (5.1.5). Similarly, the ﬁelds associated with the reﬂected
and transmitted waves in the air regions (above and below the multilayered structure) are
obtained in terms of the reﬂection and transmission coeﬃcients, R and T. At the patch
grid interfaces (at the planes z = z0 = 0, −h, −2h, ...., −L) the tangential electric and
magnetic ﬁelds can be related via sheet admittance,
Ex = −

)
1 (
Hy |z=z0+ − Hy |z=z0−
yg

(6.2.2)

with the Ex - component of the electric ﬁeld continuous across the patch grid,
Ex |z=z0+ = Ex |z=z0− .

(6.2.3)

In (6.2.2), yg is the normalized eﬀective grid admittance of the patch array [23],
yg = j

1
2a ( ( πg ))
εqs k0 ln csc
η0
π
2a

(6.2.4)

with εqs = (εh + 1) /2 for the lower and the upper external grids and εqs = εh for all the
internal grids. Now, the tangential electric and magnetic ﬁelds across the patch interfaces
can be related in the matrix form using the two-sided impedance boundary conditions
(6.2.2) and (6.2.3) as,

[

Ex
η0 Hy

]

[
=Q

Ex

η 0 Hy

z=z0−
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]
(6.2.5)
z=z0+

where Q is the transfer matrix across the plane of patches,
[
]
1 0
Q=
.
yg 1

(6.2.6)

±
In order to ﬁnd the unknown amplitudes A±
TM and BTEM associated with the TM and

TEM ﬁelds in (5.1.3) - (5.1.5) besides the boundary conditions (6.2.2), (6.2.3) at the patch
interfaces, an ABC is required at the connection of WM to the metallic patches. Following
Refs. [17–19], the ABC is associated with the zero charge density at the connection of
metallic pins to the metallic elements of the capacitive patch arrays (equivalently for the
microscopic current at the connection point, dI(z)/dz = 0), and is expressed in terms of
the macroscopic (bulk electromagnetic) ﬁeld components,
k0 ε h

dEz
dHy
+ kx η0
= 0.
dz
dz

(6.2.7)

The transfer matrix for the propagation in the WM slab between the two adjacent
patch grids is obtained by substituting (5.1.3) and (5.1.5) in the ABC ((6.2.7)), and
relating the tangential electric and magnetic ﬁeld components at the plane z = (z0 − h)+
to the ﬁelds at the plane z = z0− . Following Ref. [25], the transfer matrix is as follows,
[
]
[
]
Ex
Ex
=P·
(6.2.8)
η0 Hy
η
H
0
y
+
+
z=(z0 −h)

where the matrix P is

[
P =

z=z0

p11 p12

]
(6.2.9)

p21 p22
with the matrix elements:
)
γTM sinh (γTM h) cosh (γTEM h)
εh − εTM
zz
+
=
TM
(εh − εzz ) γTM sinh (γTM h) + εTM
zz γTEM sinh (γTEM h)
ϵTM
zz γTEM cosh (γTM h) sinh (γTEM h)
TM
(εh − εzz ) γTM sinh (γTM h) + εTM
zz γTEM sinh (γTEM h)
(

p11 = p22

p12 = −

1
jγTEM γTM sinh (γTM h) sinh (γTEM h)
TM
k0 (εh − εzz ) γTM sinh (γTM h) + εTM
zz γTEM sinh (γTEM h)
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(6.2.10)

(6.2.11)

[

(
) TM
2 εh − εTM
εzz [−1 + cosh (γTM h) cosh (γTEM h)]
zz
p21 = jk0
+
TM
(εh − εzz ) γTM sinh (γTM h) + εTM
zz γTEM sinh (γTEM h)
[
]
(
)
( TM )2 γTEM 
TM 2 γTM
sinh (γTEM h) sinh (γTM h) εh − εzz
+ εzz
γTEM
γTM 
.

TM γ
(εh − εTM
)
γ
sinh
(γ
h)
+
ε
sinh
(γ
h)
TM
TM
TEM
TEM
zz
zz

(6.2.12)

The global transfer matrix for the entire multilayered structure can be obtained as a
product of the corresponding transfer matrices,
MG = Q0 · P · Q · · · ·P · Q0

(6.2.13)

where Q0 is the transfer matrix across the plane of patches for the upper and the lower
external grids and Q is the transfer matrix for all internal grids.
Now, the reﬂected (at the upper interface) and the transmitted (at the lower interface)
ﬁelds of the entire multilayered mushroom structure (Fig. 6.1) are related in the matrix
form:

[

Ex
η0 Hy

]

[
= MG ·
lower interface

Ex
η0 Hy

]
(6.2.14)
upper interface

where MG is the global transfer matrix, which takes into account the product of the
transfer matrices across the plane of metallic patches and for the propagation across the
region in between two adjacent patch arrays (as WM slab).
The reﬂection and transmission coeﬃcients, R and T, of the multilayered mushroom
structure can be easily obtained from (6.2.14) by solving the following matrix equation
[
MG ·

6.2.2

jγ0
k0

−1

]

[
R+

jγ0
k0

]

1

[
T = MG ·

jγ0
k0

]
.

(6.2.15)

1

Local homogenization model

In the local homogenization model following the formulation presented in Sec. 5.2 the
WM slab is characterized for long wavelengths by the classical Drude dispersion formula
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(Refs. [18, 19], and references therein):
εloc
zz (ω)

(
)
kp2
= εh 1 − 2 .
kh

(6.2.16)

This assumption is justiﬁed because both ends of the vias are connected to the metallic
elements of the patch arrays, and the charge is distributed over the surface of the metallic
patches. Therefore, the charge density is approximately zero at the connection points and
along the vias, and the ﬁeld is nearly uniform in the WM slab. Within the local model
formalism, the amplitudes of the tangential electric and magnetic ﬁeld components in the
WM slab are given by (5.2.3) and (5.2.2), respectively.
The local model takes into account only the eﬀect of frequency dispersion in the WM
slab, and treats the WM as an ENG uniaxial continuous material below the plasma
frequency. The local model does not require an ABC, as it does not take into account the
SD eﬀects in the WM.
The transmitted and reﬂected ﬁelds are related in a similar matrix form of (6.2.14) and
(6.2.15), satisfying the classical boundary conditions for tangential electric and magnetic
ﬁeld components at interfaces (6.2.2) and (6.2.3). The global transfer matrix for the local
model is the same as that of the nonlocal model, except for the transfer matrix P. The
transfer matrix P (for the propagation in the WM slab), is obtained by matching the
ﬁelds at the interfaces z = (z0 − h)+ and z = z0− in a similar form as (6.2.8), and is
expressed as follows:


(

cosh (γh)


(
)
P =
jk0 εh
sinh (γh)
γ


sinh (γh)
.

cosh (γh)

γ
jk0 εh

)

(6.2.17)

It should be noted that the local homogenization model may predict accurately the
response of the structure when the SD eﬀects are signiﬁcantly reduced (it will be shown
in the Sec. 6.3 that this is the case in a multilayered mushroom structure).
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6.3

Results and discussion

In this section, the transmission properties of the mushroom-type metamaterials are studied under the plane-wave incidence, using both the nonlocal and local homogenization
models. The negative refraction eﬀect is characterized from the obtained transmission
properties. We consider two multilayered mushroom-type metamaterials: the ﬁrst conﬁguration is as shown in Fig. 6.1, and the second one is formed by the inclusion of air gaps
(without vias) in between two-layered (paired) mushrooms (with the geometry shown in
Fig. 6.6). The motivation for considering the latter conﬁguration is that it may be much
easier to fabricate, and provides further degrees of freedom in the design of the metamaterial. In addition, the phenomenon of negative refraction is conﬁrmed with full-wave
commercial software that models the incidence of a Gaussian beam on a ﬁnite width
metamaterial slab.

6.3.1

Multilayered mushroom-type metamaterial

As a ﬁrst example, we consider a multilayered mushroom structure formed by ﬁve identical
patch arrays separated by four dielectric layers perforated with vias (the geometry of a
generic structure is shown in Fig. 6.1). Each patch array has the period a = 2 mm and
gap g = 0.2 mm, and each dielectric slab is of thickness 2 mm with permittivity 10.2. The
√
period of the vias is 2 mm with a radius of 0.05 mm. The plasma frequency (fp / εh ) of
the WM slab is approximately at 12.15 GHz. The transmission properties (magnitude and
phase) of the structure based on the local and nonlocal homogenization models for a TMpolarized plane wave incident at 45 degrees are shown in Fig. 6.2. It is seen that the results
of the two models are in good agreement with the full-wave simulations results obtained
with CST Microwave StudioTM , especially in the region below the plasma frequency. In
the vicinity of the plasma frequency the local model shows spurious resonances in a very
narrow frequency band. The spurious resonances appear because of the singularity in the
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Figure 6.2. Comparison of local (blue dashed lines), nonlocal (green dot-dashed lines), and full-wave CST
results (orange full lines) for the ﬁve-layered (ﬁve patch arrays with four WM slabs) structure excited by a
TM-polarized plane wave incident at 45 degrees. (a) Magnitude of the transmission coeﬃcient. (b) Phase of
the transmission coeﬃcient.

propagation constant (5.2.4), where εloc
zz = 0 at the plasma frequency. For the mushroom
structures studied in Refs. [18, 19], it has been shown that the spatial dispersion eﬀects
in the wire medium can be suppressed (or signiﬁcantly reduced) by loading vias with a
capacitive grid of metallic patches. This results in a nearly uniform current along the
vias, i.e., d/dz ≈ 0 or in the spectral domain kz ≈ 0. Under this condition the nonlocal
dielectric function (6.2.1) reduces to the local dielectric function (6.2.16). Consistent
with these ﬁndings the results of Fig. 6.2 (showing an excellent agreement of the results
of nonlocal and local homogenization models, even above the plasma frequency) support
that for the considered geometry of a multilayered metamaterial (Fig. 6.1) the eﬀects of
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spatial dispersion are suppressed and below the plasma frequency it behaves as a uniaxial
continuous ENG material loaded with patch arrays.
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Figure 6.3. Comparison of local (blue dashed lines), nonlocal (green dot-dashed lines), and full-wave CST
results (orange full lines) for the ﬁve-layered (ﬁve patch arrays with four WM slabs) structure as a function of
the incident angle of a TM-polarized plane wave. (a) Magnitude of the transmission coeﬃcient. (b) Phase of
the transmission coeﬃcient.

In order to study the emergence of negative refraction in the multilayered mushroom
structure we use the formalism proposed in Ref. [8], which is based on the analysis of the
variation in the phase of T (ω, kx ) (transmission coeﬃcient for a plane wave characterized
by the transverse wave number kx ) of the metamaterial slab with the incident angle θi .
Speciﬁcally, it was shown in Ref. [8], that for an arbitrary material slab excited by a
quasi-plane wave, apart from the transmission magnitude, the ﬁeld at the output plane
diﬀers from the ﬁeld at the input plane by a spatial shift ∆ (see inset in Fig. 6.3(b)),
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Figure 6.4. (a) Spatial shift ∆ and (b) transmission angle θt as a function of the incident angle θi of a
TM-polarized plane wave calculated for the multilayered structure with a diﬀerent number of layers.

given by ∆ = dϕ/dkx , where ϕ = arg(T ). The transmission angle can be obtained as
θt = tan−1 ∆/L (L is the thickness of the planar material slab). Thus, negative refraction
occurs when ∆ is negative, i.e., when ϕ decreases with the angle of incidence θi . It should
be noted that the calculation of spatial shift is more accurate when there is a smooth
variation in the magnitude of the transfer function T (ω, kx ).
Fig. 6.3 demonstrates the behavior of the magnitude and phase of the transmission
coeﬃcient versus the angle of incidence at the frequency of 11 GHz (εloc
zz = −2.23). It can
be seen that the phase of transmission coeﬃcient decreases with an increase in the incident angle, which indicates unequivocally the emergence of negative refraction. The total
transmission occurs at the incident angle of 32.73 degrees, and the calculated spatial shift
(using ﬁnite diﬀerences for the calculation of dϕ/dkx ) at this angle is ∆ = −1.02λ0 (λ0
is the free-space wavelength at 11 GHz) with the electrical thickness of the metamaterial
slab equal to L = 0.29λ0 . The calculated transmission angle is -73.8 degrees, thus demonstrating a strong negative refraction. This shows that the multilayered mushroom-type
structure enables negative refraction at an interface with air, when the eﬀects of spatial
dispersion in the WM are suppressed.
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Table 6.1. Characterization of the negative refraction with an increase in the number of identical layers.

N grids
2
3
4
5
6
7

∆/λ0
-0.22
-0.45
-0.7
-1.0
-1.30
-1.73

L/λ0
0.074
0.148
0.22
0.29
0.364
0.438

θi (deg)
22.96
29.09
31.33
32.73
34.68
35.76

θt (deg)
-71.4
-71.9
-72.55
-73.8
-74.62
-75.79

Next, we consider the dependence of the negative refraction on the number of layers
of the multilayered structure. Speciﬁcally, we have calculated the spatial shift ∆ and
the transmission angle θt as a function of the incident angle θi , for a diﬀerent number of
identical layers of the mushroom structure (with the same dimensions as considered in the
previous example). Fig. 6.4 shows the analytical results based on the local homogenization
model at the frequency of 11 GHz. It is evident that there is an increase in the absolute
value of the spatial shift with the increase in the number of layers (substantial increase
in the overall length of the metamaterial). However, there is no signiﬁcant change in
the angle of transmission (negative refraction). The calculated ∆ and θt for a diﬀerent
number of patch arrays with the incident angle tuned to achieve maximum transmission
are listed in Table 6.1.
It is worth considering the eﬀect of the negative refraction with respect to the operating
frequency. We have calculated the spatial shift ∆ and the transmission angle θt as a
function of the incidence angle θi at diﬀerent frequencies for the six-layered structure (six
identical patch arrays with ﬁve identical WM slabs) with the same dimensions used in
the previous examples. The results of the local homogenization model are depicted in
Fig. 6.5. It can be seen that the phenomenon of negative refraction is observed over a
wide frequency band below the plasma frequency.
Although negative refraction is observed over a wide frequency band, its strength
becomes gradually weaker with the decrease in the frequency of operation. For instance,
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Figure 6.5. (a) Spatial shift ∆ and (b) transmission angle θt for the six-layered (six patch arrays and ﬁve WM
slabs) structure as a function of the incident angle θi of a TM-polarized plane wave calculated at diﬀerent
frequencies.

at the frequency of 11 GHz, the maximum negative refraction angle is -74.62 degrees,
and it decreases to -34.52 degrees with the decrease in the operating frequency to 8
GHz. However, when one operates above the plasma frequency (εloc
zz > 0), the mushroom
structure exhibits positive refraction. It is apparent that the frequency range where one
can observe the negative refraction can be shifted by changing the plasma frequency.
It should be noted that the negative refraction properties of the proposed multilayered mushroom structure can be controlled by the geometrical parameters. For example
(results are not reported here), an increase in the radius of the vias increases the plasma
resonance frequency, and, therefore, in order to operate in the negative refraction regime
(close to the plasma resonance) the frequency has to be increased. This may, however,
result in the conditions when the homogenization is no longer valid. Also, the requirement
that the patches in diﬀerent layers are connected through the metallic vias creates obvious
diﬃculties in the practical realization of a structure with a large number of layers (due
to technological diﬃculties in the alignment of the layers in the stacked structure, and in
the realization of long vias of small radius). In the next section we propose an alternative
structure that overcomes these problems and provides one extra degree of freedom to
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control the negative refraction angle of the metamaterial without changing its structural
properties.

6.3.2

Multilayered mushroom-type metamaterial with air gaps

Here we consider a mushroom-type metamaterial with air gaps, as shown in Fig. 6.6.
The structure is formed by several two-sided mushroom slabs (with two symmetric patch
arrays connected with vias) separated by air gaps. Here, a is the period of the patches
and the vias, g is the gap between the patches, h is the thickness of the dielectric layer
between the patch arrays, εh is the permittivity of the dielectric slab, ha is the thickness
of the air gap, and r0 is the radius of the vias.

Figure 6.6. 3-D view of the mushroom-type metamaterial formed by including the air gap (without vias) in
between two-layered (paired) mushrooms.

We consider the case of a structure formed by two mushroom slabs with an air gap.
The dimensions are the same as used in the previous examples, and the thickness of the
air gap is 2 mm. The transmission response of the structure based on the local and
nonlocal homogenization models for the TM-polarized plane wave incident at 45 degrees
is shown in Fig. 6.7. It is seen that there is a good agreement between the results of the
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Figure 6.7. Comparison of local (blue dashed lines), nonlocal (green dot-dashed lines), and full-wave HFSS
results (orange full lines) for the multilayered mushroom structure with an air gap excited by a TM-polarized
plane wave incident at 45 degrees. (a) Magnitude of the transmission coeﬃcient. (b) Phase of the transmission
coeﬃcient.

two models. Also, the homogenization results agree reasonably well with the full-wave
simulation results obtained with HFSS [44], especially in the region below the plasma
frequency.
We have characterized the negative refraction using the same procedure as in the previous section. It can be seen from Fig. 6.8, that at the operating frequency of 11 GHz,
there is a monotonic decrease in the angle ϕ = arg(T ) with the variation in the incidence
angle, except for large incident angles corresponding to the rapid change in the transmission magnitude. This clearly indicates that the multilayered mushroom metamaterial with
air gaps enables negative refraction. The calculated negative spatial shift at the incident
angle of 23.3 degrees corresponding to the transmission maximum is ∆ = −0.35λ0 . The
electrical length of the multilayered structure at 11 GHz is L = 0.22λ0 , and the calculated
transmission angle is -58.15 degrees. It is interesting, that despite the presence of an air
region (characterized by a positive refraction), the structure still exhibits quite signiﬁcant
negative refraction.
In order to further characterize the dependence of negative refraction on the thickness
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Figure 6.9. (a) Spatial shift ∆ and (b) transmission angle θt as a function of the incident angle θi of a
TM-polarized plane wave calculated for the multilayered structure with the varying thickness of the air gap
ha .
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of the air gap ha , we have calculated the spatial shift ∆ and the transmission angle θt as
a function of the incidence angle θi , at the operating frequency of 11 GHz. The results
are depicted in Fig. 6.9, and are obtained based on the local homogenization model. It
can be observed that there is a steady decrease in the calculated negative spatial shift
with the increase in the thickness of the air gap. This is due to the increased positive
spatial shift in the air region (with the increase of the air gap). Moreover, there is
a signiﬁcant decrease in the negative refraction angle. The calculated spatial shift ∆
and the angle of transmission θt for diﬀerent values of the air gap ha with the incident
angle θi of the transmission maximum are given in Table 6.2. It is evident that the
incident angle remains almost the same, however, the corresponding transmission angle
decreases signiﬁcantly. Consequently, it is possible to control the negative refraction
angle by varying the thickness of the air gap. The proposed geometry is of great practical
interest, because of the ease in fabrication. Interestingly, the structure exhibits negative
refraction only for moderate angles (< 45 degrees) of incidence. Considering the fact that
the positive spatial shift in the air region is dependent on the angle of incidence, for large
incident angles the suﬀered positive spatial shift in the air region dominates the negative
spatial shift in the wire medium, thus creating a positive refraction.
Table 6.2. Characterization of the negative refraction as a function of the thickness of the air gap ha .

ha (mm)
2
4
6
8
10

∆/λ0
-0.35
-0.32
-0.29
-0.26
-0.22

L/λ0
0.22
0.29
0.37
0.44
0.51

θi (deg)
23.3
22.9
22.8
22.1
21.9

θt (deg)
-58.15
-47.73
-38.59
-30.61
-23.32

It is interesting to see if the negative refraction is observed over a wide frequency band.
We have calculated ∆ and θt as a function of the incident angle at diﬀerent frequencies,
and the analytical results based on the local model are shown in Fig. 6.10. It can be seen
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Figure 6.10. (a) Spatial shift and (b) transmission angle for the multilayered structure with an air gap of 2
mm as a function of incident angle of a TM-polarized plane wave calculated at diﬀerent frequencies.

that there is a rapid decrease in the strength of the negative refraction with the decrease
in the operating frequency (below the plasma frequency). In fact (as discussed in the case
without air gaps), the negative refraction becomes gradually weaker away from the plasma
frequency, i.e., the absolute value of the negative spatial shift decreases. Consequently, in
this case the positive spatial shift in the air region dominates, thus reducing the frequency
band for the emergence of negative refraction.

6.3.3

Gaussian beam excitations

To further conﬁrm the predicted phenomenon of negative refraction based on the homogenization models, we have simulated1 the response of the metamaterial structures excited
by a Gaussian beam using CST Microwave StudioTM . In the simulation setup, the structure is assumed to be periodic along y with the period a (equal to the period of the patch
array), and is ﬁnite along x with the width Wx = 90a. The considered Gaussian beam
ﬁeld distribution is independent on the y-coordinate. We excite simultaneously 10 adjacent waveguide ports, with the electric width of the each port being 0.3λ0 at the design
1

CST simulations were performed by Mário G. Silveirinha, Department of Electrical EngineeringInstituto de Telecomunicações, University of Coimbra, Portugal.
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Figure 6.11. CST simulation results showing the snapshot (t = 0) of the magnetic ﬁeld Hy excited by a
Gaussian beam: (a) incident beam with θi = 19 degrees (no metamaterial slab), (b) two mushroom slabs
with an air gap for an angle of incidence θi = 19 degrees, (c) three mushroom slabs with two air gaps for an
angle of incidence θi = 19 degrees, (d) two mushroom slabs with an air gap for an angle of incidence θi =
30 degrees, and (e) ﬁve-layered structure (without air gaps with the geometry shown in Fig. 1) for an angle
of incidence θi = 32 degrees. The operating frequency for all the cases is 11 GHz and the thickness of the air
gap is 2 mm.
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frequency. The amplitude and phase of each waveguide are chosen such that the wave
radiated by the port array mimics the proﬁle of a Gaussian beam and propagates along a
desired direction θi in the x -z plane. The cases of mushroom slabs with and without air
gaps are considered, with the same geometrical parameters used in the previous examples.
In the simulation, the eﬀects of losses are taken into account: the metallic components
are modelled as copper metal (σ = 5.8 × 107 S/m), and a loss tangent of tan δ = 0.0015 is
considered in dielectric substrates (RT/duroid 6010LM).
The results obtained with the CST Microwave studio are shown in Fig. 6.11. The
snapshot (t = 0) of the amplitude of the magnetic ﬁeld Hy of the Gaussian beam incident
at 19 degrees is shown in Fig. 6.11(a). The Gaussian beam-waist is approximately 1.6λ0
at the operating frequency of 11 GHz. Fig. 6.11(b) shows the snapshot of the amplitude
of Hy in the vicinity of the metamaterial structure with a 2 mm air gap (formed by two
mushroom slabs with an air gap as shown in Fig. 6.6) illuminated by the Gaussian beam
incident at 19 degrees. It can be observed that the transmitted beam suﬀers a negative
spatial shift, demonstrating a signiﬁcant negative refraction inside of the metamaterial.
Similar results are depicted in Fig. 6.11(d) with the Gaussian beam incident at 30 degrees.
The simulation results are qualitatively consistent with the theoretical values (predicted
by the homogenization models) for the spatial shift ∆ = −0.31λ0 and ∆ = −0.33λ0 ,
calculated with the incident angles of 19 degrees and 30 degrees, respectively. Fig. 6.11(c)
depicts the case of the Gaussian beam incident at 19 degrees on the metamaterial structure
formed by three mushroom slabs with two air gaps. The theoretical value of the spatial
shift for the conﬁguration in Fig. 6.11(c) is ∆ = −0.44λ0 , while that for the case shown
in Fig. 6.11(b) is ∆ = −0.31λ0 . However, it should be noted that the negative refraction
angle remains almost the same (with the predicted theoretical values of -54.63 degrees
and -50.63 degrees for the cases (b) and (c), respectively).
The magnetic ﬁeld in the vicinity of the ﬁve-layered structure without air gaps (with
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the geometry shown in Fig. 6.1) for the Gaussian beam incident at 32 degrees is depicted
in Fig. 6.11(e). It is seen that the transmitted beam suﬀers a large negative spatial shift,
thus exhibiting a strong negative refraction. The negative spatial shift in the metamaterial
is a signiﬁcant fraction of the wavelength.
It should be noted that due to computational limitations the Gaussian beam cannot
be treated exactly as a quasi-plane wave (since its beam-width is marginally larger than
1.5λ0 ). Thus, the analytical results based on the homogenization models are qualitatively
accurate but quantitatively approximate in modelling a realistic ﬁnite metamaterial with
the Gaussian beam excitation.

6.4

Conclusion

In this chapter, we investigated multilayered mushroom-type structures as bulk metamaterials which enable strong negative refraction. The transmission properties of the
metamaterials are studied based on the local and nonlocal homogenization models.
It was shown that the multilayered mushroom-type metamaterial behaves as a local
(with no spatial dispersion) uniaxial ENG material periodically loaded with patch arrays. The negative refraction is observed over a wide frequency band below the plasma
frequency, and is accurately predicted by the homogenization models. The strength of
the negative refraction decreases gradually when we operate away from the plasma frequency. In addition, we proposed a modiﬁed structure where the mushroom slabs are
separated by air gaps. It was shown that this conﬁguration also exhibits signiﬁcant negative refraction, and enables the control of the negative transmission angle by varying the
thickness of the air gap without changing the structural properties of the metamaterial.
Such conﬁguration is of great practical importance because of the ease in fabrication. The
observed phenomenon of negative refraction was qualitatively veriﬁed with the Gaussian
beam excitation using CST Microwave Studio.
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Chapter 7
GENERALIZED ADDITIONAL
BOUNDARY CONDITIONS
We generalize additional boundary conditions (GABCs) for wire media by including arbitrary wire junctions with impedance loading (as lumped loads). A special attention is
given to the conditions at an interface of two uniaxial wire media loaded with impedance
insertions and are connected to the same metallic patch at the junction. The derived
GABCs are validated against full-wave numerical simulations by considering a scattering
of a plane wave by a grounded wire medium slab loaded with lumped loads.

7.1

Introduction

It is well-known that the electromagnetic problems involving spatially dispersive media
typically require ABCs at the interfaces between diﬀerent layers. These conditions cannot
be inferred from the usual macroscopic characteristics such as the spatially dispersive permittivity. However, when a certain information about the internal structure (microscopic
character) of the metamaterial is known, such conditions can be found. Speciﬁcally, in a
few recent works the ABCs for the wire media at air interface and/or connected to the
metallic elements have been established and veriﬁed with full-wave simulations [16,17,89].
In Ref. [89], the problem involving the wires connected to lossy or thin resistive patches
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has been studied with an ABC derived for the same.
The purpose of this work is to further extend the theory of [16, 17] and study the
general case where metallic wires are connected to arbitrarily distributed or lumped loads
or to another WM with diﬀerent parameters. We will show that it is possible to derive
an ABC in a quasi-static approximation [26], in a manner similar to what has been done
when developing a quasi-static model of spatial dispersion in wire media [25], and we will
present numerical results that support our theoretical ﬁndings.

7.2

Uniaxial WM

Here, we model the uniaxial wire medium using the quasi-static modelling [25] which takes
into account the spatial dispersion eﬀects. Following Ref. [25] the quasi-static treatment
(see Sec. 5.3) results in the following system of macroscopic ﬁeld equations (the Maxwell
equations) coupled to the transmission line equations (waves propagating along the wires
lattice):

∇ × E = −jωµ0 H

(7.2.1)

∇ × H = jωε0 εh E + J

(7.2.2)

J=

⟨Iz ⟩
ẑ
Acell

∂⟨φ⟩
= −(jωL + Zw )⟨Iz ⟩ + Ez
∂z
∂⟨Iz ⟩
≡ −jω⟨q⟩ = −jωC⟨φ⟩
∂z

(7.2.3)
(7.2.4)
(7.2.5)

where εh is the permittivity of the host material, and all the other notations are as deﬁned
in Sec. 5.3.
It should be noted that (7.2.1)-(7.2.5) constitute a local framework for the nonlocal
WM, wherein the SD eﬀects are described by introducing internal degrees of freedom.
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Also, the dynamics of the ‘state variables’ are described by simple local relations, i.e., the
pertinent spatial derivatives of the state variables at a given point only depend on the
values of the state variables at that same point. On the other hand, as shown in [25],
it is possible to write ⟨φz ⟩ and ⟨Iz ⟩ in terms of the macroscopic electromagnetic ﬁelds;
however, in such a case the homogenization model becomes spatially dispersive because
then it is not possible to write J in terms of the macroscopic ﬁelds through a local relation.
In other words, the eﬀective medium can be described using a local model provided one
introduces suitable additional state variables.
The quasi-static model (7.2.1)-(7.2.5) provides the natural framework to study a problem involving interfaces. Indeed, in contrast to the traditional non-local model of [15],
the equations are deﬁned in the space domain and thus hold even relatively close to the
interfaces. Moreover, the need for ABCs is quite obvious from the formulation: these
are nothing more than the boundary conditions satisﬁed by the additional state variables
⟨φz ⟩ and ⟨Iz ⟩. In general, there will be a need for two ABCs imposed on these scalar
quantities (in the case of a single-sided wire junction, a single ABC is suﬃcient, as will be
discussed later). The boundary conditions on vector ﬁelds E and H can be obtained in
the usual manner from (7.2.1) and (7.2.2), which leads to standard continuity conditions
for the tangential components of the ﬁelds when there are no surface-bound currents at
an interface.

7.3

Additional boundary conditions

Let us consider the case when the wires at the both sides of the interface are terminated
with distinct impedance loads Zload1,2 at the junction and are attached to the same metallic
patch (see Fig. 7.1(a)). This junction can be represented by an equivalent circuit as
depicted in Fig. 7.1(b) [26]. Denoting the potential of the patch as V0 and taking into
account the charges collected on the patch and the voltage drops across the loads we may
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Figure 7.1. (a) Geometry of the junction of the wire media connected to a patch interface through impedance
loadings. (b) An equivalent circuit, where Cpatch is the eﬀective capacitance of the junction, and Z1,2 are
impedance insertions.

write:
V0 − φ1 (0− ) = −I1 Zload1

(7.3.1)

φ2 (0+ ) − V0 = −I2 Zload2

(7.3.2)

I2 (0+ ) − I1 (0− ) = −jωCpatch V0 .

(7.3.3)

Here, Cpatch = 2πε0 (a−g)/ log[sec[(πg/2a)] is the capacitance of the patch in a regular
array of patches [43], with a and g being the period and the gap of the square patches,
respectively. Eliminating V0 from the above relations we obtain the following generalized
ABCs:
φ2 (0+ ) − φ1 (0− ) = −[I1 (0− )Zload1 + I2 (0+ )Zload2 ]
φ1 (0− ) + φ2 (0+ ) = −
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(7.3.4)

−

2[I2 (0 ) − I1 (0 )]
− I2 Zload2 + I1 Zload1 .
jωCpatch
+

(7.3.5)

It can be seen that these conditions reduce to the GABCs, for the junction of uniaxial wire media with patches at the interface when Zload1,2 = 0 and for the junction
of uniaxial wire media with impedance loading at the interface when Cpatch → 0 and
Zload = Zload1 + Zload2 . They also reduce to simple continuity conditions for the current
and the potential when Cpatch → 0 and Zload1,2 = 0.
When adding bulk loads to the wires of ﬁnite thickness one may expect the current
and the charge distributions in a vicinity of a load to be aﬀected by such an insertion.
This introduces non-uniformities in the current and charge distributions (non-uniformity
in the microscopic electric and magnetic ﬁeld in the vicinity of the junction), these eﬀects
can be taken into account by correction terms and can be included directly into the load
impedance Zload . The correction terms are taken into account in the form of parasitic
capacitance Cpar and parasitic inductance Lpar at the point of the insertion of the load.
Thus, the impedance Zload that appears in the boundary conditions (7.3.4) and (7.3.5)
must be taken equal to:
Zload,eﬀ = jωLpar +

1
.
jωCpar + 1/Zload

(7.3.6)

Finally, the generalized ABC for a single-sided junction with wires in the half-space
z > 0 [z < 0] can be obtained from (7.3.4) and (7.3.5) by adding (7.3.4) to (7.3.5)
[subtracting (7.3.4) from (7.3.5)] and letting I1 (0− ) = 0 [I2 (0+ ) = 0] in the resulting
equation. For example, for the case of wires in the half-space z > 0, the ABC reads
(
φ2 (0 ) = −
+

)
1
+ Zload2 I2 (0+ ).
jωCpatch

(7.3.7)

When the gap between patches closes and Cpatch → ∞ we obtain an ABC for the wires
connected to a perfectly conducting ground plane through a generic lumped load Zload :
φ2 (0+ ) = −Zload I2 (0+ ).

(7.3.8)

We note that because the considered interface is associated with a single-sided junction,
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a single ABC of the form (7.3.7) or (7.3.8) is suﬃcient to characterize the electrodynamics
of the problem, similar to the case considered in this work.

7.4

ABCs in terms of electric and magnetic fields

The ABCs derived in the previous sections are written in terms of averaged wire currents
and potentials. We believe that this form is the most natural one and allows for easy
modiﬁcation of the ABC when the physical conditions at the junction change. Nevertheless, it is also relevant to express the ABCs directly in terms of the E and H ﬁelds, so
that a scattering problem can be solved in a standard way by matching the modal ﬁelds
(associated with plane waves) on both sides of the interface. In this section, we give the
formulae that relate the current and the additional potential with the vector ﬁelds. Using
these formulae one can easily write the ABCs derived in previous sections in terms of the
bulk (macroscopic) electromagnetic ﬁelds.
Assuming a TM-polarized plane wave is incident on a mushroom structure at an angle
θi as shown in Fig. 7.2(a). For the chosen coordinate system, using (7.2.1) and (7.2.2) the
z -component of the current density can be expressed as
(
Jz = −j

k0 ε h
E z + k x Hy
η0

)
(7.4.1)

where k0 is the free space wavenumber, η0 is the intrinsic impedance of free space, and
kx is the x -component of the wave vector k. Finally the wire current and the additional
potential can be expressed using (5.3.3) and (5.3.5) as follows:
Iz = Jz a2
φz = −

a2 ∂Jz
.
jωC ∂z
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(7.4.2)

7.5

Wire medium connected through lumped loads
to a ground plane

In this numerical example, we consider a wire medium slab deﬁned by the region −h < z < 0.
The region z > 0 is ﬁlled with air, and the wire medium slab is backed by a (perfectly
conducting) ground plane placed at z = −h (shown in Fig. 7.2). It is assumed that the
metallic wires are connected to the ground plane through a lumped load Zload . We are
interested in studying the reﬂection of TM-polarized waves by the grounded slab. It is
assumed that the incoming plane wave propagates in the xoz plane and illuminates the
slab along the direction θi , measured with respect to the normal direction. Thus, the
tangential electric and magnetic ﬁelds in the region z > 0 can be written as:
)
eγ0 z − R e−γ0 z ,
(7.5.1)
)
γ0 ( γ0 z
Ex = −
e + R e−γ0 z ,
(7.5.2)
jωε0
√
kx2 − k02 is the propagation constant in
where R is the reﬂection coeﬃcient, γ0 =
Hy =

(

free space, kx = k0 sin θi is the x -component of the wave vector k, k0 = ω/c, ω is
the angular frequency and c is the speed of the light in the vacuum. The WM slab
is modelled as a uniaxial continuous material characterized by a spatially-dispersive
(
)
eﬀective dielectric function along the direction of wires: εzz = εh 1 − kp2 /(kh2 − kz2 ) ,
√
where kp = (2π/a2 )/ log[a2 /4r0 (a − r0 )] is the plasma wavenumber as deﬁned in [43],
√
kh = k0 εh is the wavenumber in the host medium, k0 = ω/c is the free-space wavenumber, and kz is the z-component of the wave vector k inside the material.
A TM-polarized incident wave excites TM and transverse electromagnetic (TEM)
waves in the WM slab, and the corresponding magnetic ﬁelds in the air and the wiremedium region can be expressed as
+
−
γTM (z+h)
−γTM (z+h)
Hy = A+
+ A−
+ BTEM
eγTEM (z+h) + BTEM
e−γTEM (z+h)
TM e
TM e
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Ex =

(
)
j [
−
γTM (z+h)
−γTM (z+h)
γTM A+
e
−
A
e
TM
TM
ωε0 εh
)]
( +
−
+γTEM BTEM eγTEM (z+h) − BTEM
e−γTEM (z+h)

)
kx η0 ( + γTM (z+h)
−
−γTM (z+h)
A
e
+
A
e
(7.5.3)
TM
TM
k0 εTM
zz
√
√
2
2
2
= kp2 + kx2 − k02 εh , γTEM = jkTEM = jk0 εh , and εTM
zz = εh kx /(kp + kx ) is
Ez = −

where γTM

the relative eﬀective permittivity along the direction of the vias for TM polarization.
The reﬂection coeﬃcient can be obtained by matching the tangential electric and magnetic ﬁelds, and the additional boundary condition I(z) = 0 at the air interface (z = 0),
exactly in the same manner as discussed in Ref. [17], and in addition by considering the
following boundary conditions at the ground plane (z = −h):
Ex = 0,

(7.5.4)

∂Iz
− jωCZload,eﬀ Iz = 0,
∂z

(7.5.5)

where Iz and ∂Iz /∂z are deﬁned in (7.4.2). Equation 7.5.4 is the classical boundary
condition at the surface of a perfect electric conductor (PEC), whereas (7.5.5) corresponds
to the ABC (7.3.8) with Zload replaced by Zload,eﬀ to take into account the eﬀect of the
parasitic inductance and capacitance at the junction, as given by (7.3.6). Using (7.4.2)
along with (7.4.1) it can be shown that (7.5.5) can be replaced by:
[(

dEz
dHy
+ kx η 0
k0 ε h
dz
dz

)

]
− jωCZLoad (k0 εh Ez + kx η0 Hy )

= 0.

(7.5.6)

z=−h

In Fig. 7.2 we plot the phase of the reﬂection coeﬃcient for diﬀerent loads as a function
of the normalized frequency for the case θi = 60◦ , εh = 10.2, h = 0.5a, r0 = 0.05a, and
a = 2 mm. We considered both inductive loads (L = 0.2 nH and L = 0.4 nH) as well as
capacitive loads (C = 0.1 pF and C = 0.2 pF). We have also considered the limit case of
a short-circuit (SC). It is assumed that the load is connected to the ground plane through
a gap of 0.1 mm. By comparing the results of the analytical model with the results of
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Figure 7.2. (a) Geometry of the wire medium slab with wires connected to the ground plane through lumped
loads illuminated by a TM-polarized plane wave and (b) Phase of the reﬂection coeﬃcient as a function of
frequency for a wire medium slab connected to a ground plane through inductive loads (L = 0.2 nH and
L = 0.4 nH), capacitive loads (C = 0.1 pF and C = 0.2 pF) and a short-circuit (SC). The dashed lines
represent the result of the homogenization model based on the ABC developed in this work, and the solid lines
are calculated with the full-wave electromagnetic simulator HFSS.

full-wave simulations done with HFSS [44], we estimated that such gap is characterized
by the parasitic inductance Lpar ≈ 0.06 nH and the parasitic capacitance Cpar ≈ 0.02 pF.
Fig. 7.2(b) reveals a good agreement between the analytical model (solid lines) and the
numerical results (dashed lines) over the considered frequency range. The results show
that the reﬂection characteristic depends strongly on the value and the type of the load.
The points where the phase crosses 0◦ and −360◦ correspond to resonances where the
metamaterial slab eﬀectively behaves as a high impedance surface, mimicking in part the
response of a perfect magnetic conductor [78]. The amplitude of the reﬂection coeﬃcient is
identical to unity (not shown) because for simplicity the materials were assumed lossless.
Typically, as the reactance of the load becomes more positive the frequency where the
phase crosses zero decreases.
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7.6

Conclusions

In this chapter we have developed a rather simple but powerful approach to the problem
of additional boundary conditions in wire media. The approach is based on a quasistatic model of wire media that introduces two additional parameters: the wire current
and the wire potential [25]. The conditions at an interface of the wire medium possibly
loaded with patches/lumped loads are then formulated in terms of these quantities. The
developed approach is in a sense similar to the transmission line models used, for instance,
in microwave theory. Because of this similarity, it seems rather easy to adjust the general
form of the ABCs presented in this work to a wide range of conﬁgurations with great
practical interest.
We have also shown that the obtained conditions could be reformulated in terms of
the electric and magnetic ﬁeld components tangential to an interface. In addition, we
have also applied the developed ABCs to study the scattering of a plane wave by a wire
medium slab connected to a ground plane through reactive lumped loads, demonstrating
that the reﬂection characteristic is strongly dependent on the loads.
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Chapter 8
MUSHROOM-TYPE
HIGH-IMPEDANCE SURFACE
WITH LOADED VIAS:
ULTRA-THIN DESIGN
In this work we study the reﬂection properties and natural modes (surface waves and
leaky waves) of the mushroom-type surfaces with impedance loadings (as lumped loads)
at the connection of the vias to the ground plane. The analysis is carried out using the
nonlocal homogenization model for the mushroom structure with a generalized additional
boundary condition for loaded vias. It is observed that the reﬂection characteristics obtained with the homogenization model strongly depend on the type of the load (inductive
or capacitive), and are in a very good agreement with the full-wave simulation results.
The proposed concept of lumped loads enables the design of an ultra-thin mushroom-type
surface with high-impedance resonance characteristics (zero reﬂection phase) for oblique
incidence at low frequencies with a broad stopband for surface waves.

8.1

Introduction

Since the introduction of the mushroom-type electromagnetic band gap (EBG) structure
[78], hundreds of papers have been published exploring the theoretical challenges and
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practical realizations of such a type of HIS due to their widespread applications in antenna
technology and metamaterials. In general, mushroom-type HIS structures (formed by a
grounded WM slab in conjunction with a capacitive grid) simultaneously (within the
same frequency band) exhibit EBG properties associated with the stopband for surface
waves and artiﬁcial magnetic conductor (AMC) properties related to the reﬂection phase
behavior (typically when the phase varies in between +90◦ to -90◦ ). In the previous
chapter a WM slab connected to the ground plane through reactive loads is considered,
demonstrating a strong dependence of the reﬂection characteristics on the value and type
of the load.
The present work focuses on the reﬂection phase characteristics and surface-wave and
leaky-wave propagation in the mushroom-type surfaces with vias connected to the ground
plane through lumped loads. The analysis is carried out using the nonlocal homogenization model for the WM with the GABCs derived in a quasi-static approximation by
including arbitrary junctions with impedance insertions (as lumped loads). It is observed
that with an increase in the value of the inductive load, there is a decrease in the plasma
frequency with a reduction in the SD eﬀects. Based on this concept of inductive loads, we
show that it is possible to design an ultra-thin structure which shifts the HIS resonances
for obliquely incident TM plane waves to lower frequencies, with a stopband for surface
waves over the broad frequency range. The predictions of the homogenization model are
in a very good agreement with the full-wave results.

8.2

Homogenization model

The geometry of the mushroom structure considered in this work is shown in Fig. 8.1.
The structure is illuminated by a TM-polarized plane wave incident in the x-z plane at an
angle θi . The wires with radius r0 are directed along the z-direction in the host medium
with permittivity εh , and are connected to the patches at the plane z = 0 and to the
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ground plane through the lumped loads at the plane z = −h. The period of the square
patches is a and the gap between the patches is g.

(a)

(b)

Figure 8.1. Geometry of the mushroom structure with loads excited by an obliquely incident TM-polarized
plane wave: (a) cross-section view and (b) top view.

The analysis is carried out using the nonlocal homogenization model, wherein the
WM slab is modelled as a uniaxial continuous material characterized by a spatiallydispersive eﬀective dielectric function along the direction of wires, exactly in a same
manner as presented in Sec. 7.5. A TM-polarized incident wave excites TM and transverse
electromagnetic (TEM) waves in the WM slab, and the corresponding magnetic ﬁelds in
the air and the wire-medium region can be expressed as
Hy

z>0

=

eγ0 z − ρe−γ0 z

Hy

z<0

=

γTM (z+h)
−γTM (z+h)
A+
+ A−
TM e
TM e
+
−
+BTEM
eγTEM (z+h) + BTEM
e−γTEM (z+h)

where γ0 =

(8.2.1)

√
√
√
kx2 − k02 , γTM = kp2 + kx2 − k02 εh , γTEM = jkTEM = jk0 εh , and kx = k0 sin θi

±
is the x-component of the wave vector k. The ﬁeld amplitudes A±
TM , BTEM , and the re-

ﬂection coeﬃcient ρ are to be determined by enforcing appropriate boundary conditions.
Apart from the two-sided impedance boundary condition at the air-patch interface and
the classical boundary condition at the ground plane, additional boundary conditions are
required at each wire termination, due to the nonlocal response of the wire medium.
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Following Sec. 7.3, the discontinuities in the microscopic wire current distribution I(z),
at the connections of the wires to the patches and to the ground plane through lumped
loads are taken into account through the following GABCs (7.3.8) and (7.3.7),
[
[

dI(z)
+
dz

(

)

C
Cpatch

]
I(z)

dI(z)
− (jωCZLoad ) I(z)
dz

=0

(8.2.2)

z=0

]
=0

(8.2.3)

z=−h

where C is the capacitance per unit length of the wire medium, Cpatch is the capacitance
of the patch in a regular array of patches deﬁned in [25], and ZLoad is the impedance of
the lumped load. We may neglect the term C/Cpatch in the GABC (8.2.2), when the gap
(g) is small and Cpatch >> hC. The microscopic wire current can be expressed in terms of
the bulk electromagnetic ﬁelds using (7.4.1) as I(z) = −ja2 [(k0 εh /η0 )Ez + kx Hy ]. Since
the insertion of loads in the wire introduces non-uniformity in the current and charge
distributions, the correction terms such as the parasitic capacitance Cpar and parasitic
inductance Lpar should be taken into account for the load impedance in (8.2.3) as,

ZLoad,eﬀ = jωLpar +

1
.
jωCpar + (1/ZLoad )

(8.2.4)

Now, applying the classical boundary condition, two-sided impedance boundary condition, and the GABC’s (8.2.2) and (8.2.3), the reﬂection coeﬃcient can be expressed as
follows,
ρ=

(jk0 − η0 γ0 Yg ) K − jk0 γ0 M
(jk0 + η0 γ0 Yg ) K + jk0 γ0 M

(8.2.5)

where Yg = j(εh + 1)(k0 a/η0 π) log[csc(πg/2a)] is the grid admittance of the patch array
given in [23],
K = γTM sinh(γTM h) cos(kTEM h) − kTEM sin(kTEM h)
]
)
[(
εh γTM sinh(γTM h)
εh
− 1 cosh(γTM h) + TM
×
εTM
εzz jωCZLoad,eﬀ
zz
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(8.2.6)

and
(

[

)

jεh kTEM
M = 2 εh −
+ cosh(γTM h)
sin(kTEM h)
ωCZLoad,eﬀ
( (
)
)
]
εh
TM
+ εh
− 2 + 2εzz cos(kTEM h) +
εTM
zz
[(
)
(
)
γTEM
γTM
TM
εh − εzz sinh(γTM h)
+
j sin(kTEM h)
γTM
γTEM
]
εh γTM
+ TM
cos(kTEM h) .
εzz jωCZLoad,eﬀ
εTM
zz

(8.2.7)

2
2
2
Here, εTM
zz = εh kx /(kp + kx ) is the relative eﬀective permittivity along the direction of

the vias for TM polarization. In the next section, the predictions of the homogenization
model are described together with the full-wave results.

8.3

Results and discussion

We consider the case of a mushroom structure with the vias connected to the ground plane
through lumped loads. The dimensions of the structure (with the notations as shown in
Fig. 8.1) are as follows: a = 2 mm, g = 0.2 mm, r0 = 0.05 mm, h = 1 mm, εh = 10.2, and
θi = 60◦ . Fig. 8.2 demonstrates the reﬂection phase characteristics for diﬀerent lumped
loads as a function of frequency. In the full-wave simulations it is assumed that the load
is connected to the ground plane through a gap of 0.1 mm. By comparing the analytical
results with the full-wave results using HFSS [44], it is estimated (by curve ﬁtting) that the
gap is characterized by the parasitic capacitance Cpar ≈ 0.02 pF and parasitic inductance
Lpar ≈ 0.06 nH. It can be seen that the homogenization results are in a good agreement
with the full-wave numerical results. It can be observed that the reﬂection phase (with the
HIS resonances, corresponding to the reﬂection phase of 0◦ and 360◦ ) depends strongly on
the value and on the type of the load. It is important to point out that with an increase
of the reactance of the inductive load the HIS resonance shifts to lower frequencies, which
is related to the decrease in the plasma frequency accompanied with a reduction of SD
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Figure 8.2. Phase of the reﬂection coeﬃcient as a function of frequency for the mushroom structure with vias
connected to the ground plane through inductive loads (L = 0.2 nH and 0.4 nH), capacitive loads (C = 0.1
pF and 0.2 pF), short circuit (SC), and OC excited by a TM-polarized plane wave incident at θi = 60◦ . The
dotted lines represent the analytical results and the solid lines correspond to the simulations results obtained
using HFSS.

eﬀects. The reduction in the SD eﬀects for the case of inductive loads is discussed in
detail in Chapter 9 by considering diﬀerent homogenization models.
Next, we study the natural modes of the mushroom structure based on the numerical
solution of the dispersion equation (denominator of the reﬂection coeﬃcient, Eq. 8.2.5) as
a root search for the complex propagation constant kx . In Fig. 8.3, we plot the dispersion
behavior of the normalized phase and attenuation constants of the TMx surface-wave
and leaky-wave modes of the mushroom structure with an inductive load of 0.4 nH. The
homogenization results are in good agreement with the CST [48] results for the proper
forward and backward TMx surface-wave modes. Also in Fig. 8.3, the results with a true
short circuit (SC) at the connection of the vias to the ground plane (light colored lines)
are shown, which are qualitatively consistent with Fig. 19 in [19]. It can be observed
that the dispersion curves in the case of 0.4 nH load are shifted to lower frequencies in
comparison to the SC case studied in Ref. [19]. From Fig. 8.3, the stopband for the
TMx surface-wave modes is from 7.54 GHz - 8.74 GHz. The lower band edge (7.54 GHz)
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Figure 8.3. Dispersion behavior of TMx surface-wave and leaky-wave modes in the mushroom structure with
an inductive load of 0.4 nH: (a) normalized phase constant and (b) normalized attenuation constant. The
light colored lines correspond to the case with short-circuited (SC) vias.
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Figure 8.4. Phase of the reﬂection coeﬃcient as a function of frequency for the mushroom structure with the
vias connected to the ground plane through inductive loads (L = 2.5 nH and 5 nH) excited by a TM-polarized
plane wave incident at θi = 45◦ . The solid lines represent the homogenization model results and the dotted
lines correspond to the full-wave HFSS results.

corresponds to the frequency at which the propagation of ﬁrst proper bound mode stops
(the phase velocities of the forward and backward modes are equal), and the upper band
edge (8.74 GHz) corresponds to the cutoﬀ frequency of the second proper (forward) TMx
surface-wave mode, which propagates above the plasma frequency. It is observed that the
AMC bandwidth 7.61 GHz – 8.28 GHz (calculated for 60◦ incidence) coincides with the
stopband for the surface waves. In Fig. 8.3, it can be seen that the propagation constant
of the proper complex mode approaches zero at the plasma frequency of 8.4 GHz. The
percentage decrease in the plasma frequency when compared to the mushroom structure
with SC vias is nearly 31 %. Thus, using the inductive loads, we can eﬀectively shift the
HIS properties (EBG and AMC) of the mushroom structure to lower frequencies for TMpolarized waves. With this type of loading it is possible to design very compact structures
with miniaturized unit cells (i.e., electrical length of the unit cell being much smaller than
the wavelength) at the frequency of operation.
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Figure 8.5. Dispersion behavior of TMx surface-wave and leaky-wave modes in the air-ﬁlled mushroom
structure with an inductive load of 5 nH: (a) normalized phase constant and (b) normalized attenuation
constant.
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Next, we consider the case of the air-ﬁlled mushroom structure (with the same structural dimensions as used in the calculations in Fig. 8.2) utilizing inductive loads of a large
value in order to achieve an ultra-thin design with better AMC and EBG properties. The
homogenization results of the reﬂection phase characteristics are compared with the HFSS
results in Fig. 8.4, showing a near perfect agreement. The eﬀects of the parasitic inductance and parasitic capacitance are negligible in this conﬁguration. It can be observed
from Fig. 8.4 that the HIS resonances (corresponding to the reﬂection phase of 0◦ ) for the
45◦ TM-polarized plane-wave incidence are at 10.1 GHz (for 5 nH load) and 13.5 GHz
(for 2.5 nH load). These resonances are signiﬁcantly shifted to lower frequencies, when
compared to the structure without loads, which resonates at 25 GHz. It should be noted
that this shift in the resonances is only observed for obliquely incident TM plane waves.
However, for normal incidence and also for transverse electric (TE) plane waves, which
do not interact with the vias, the HIS resonance occurs at signiﬁcantly higher frequencies
(around 26 GHz). The electrical thickness of the structure for 5 nH load is approximately
λ/30 at the operating frequency. An interesting observation is that the second HIS resonance (usually seen in a typical mushroom surface) is shifted to higher frequencies when
large inductive loads are used.
The dispersion behavior of the normalized phase and attenuation constants of the
TMx surface-wave and leaky-wave modes of the air-ﬁlled mushroom structure with 5 nH
load predicted by the analytical model is shown in Fig. 8.5, and compared with CST
results showing a good agreement for the proper forward and backward TMx surfacewave modes. One may notice a wide stopband for the surface-wave modes which is over a
broad frequency range from 8.29 GHz to 25.51 GHz. The cutoﬀ frequency of the second
proper TMx surface-wave mode is far above the plasma frequency of 10.42 GHz (as can
be seen in Fig. 8.5 the propagation constant of the proper complex mode approaches
zero). The percentage reduction in the plasma frequency when compared to the structure
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without loads is nearly 73 %.

8.4

Conclusion

The reﬂection phase characteristics and the surface-wave and leaky-wave propagation in
the loaded mushroom structure have been studied using the nonlocal homogenization
model with generalized ABCs at the insertion of impedance loadings and are validated
against the full-wave results. It is observed that the reﬂection phase depends strongly on
the value and type (inductive or capacitive) of the load impedance. The proposed concept
on lumped loads may enable to design more compact and tunable mushroom structures,
which ﬁnd applications in antenna technology and in the design of ultra-thin absorbers.
As an example, we have outlined the design of an ultra-thin mushroom-type surface with
a wide stopband for surface-wave propagation, which may ﬁnd application in the design
of ridge gap waveguides.
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Chapter 9
ALL-ANGLE NEGATIVE
REFRACTION AND PARTIAL
FOCUSING IN WM STRUCTURE
WITH IMPEDANCE LOADINGS
The realization of mesoscopic media that mimic an ideal continuous indeﬁnite material
remains a challenging problem, particularly because current designs are plagued by spatial dispersion eﬀects and are based on inclusions whose size may be a signiﬁcant fraction
of the wavelength. Here we show that a structure formed by an array of inductively
loaded metallic wires terminated by metallic patches at both ends may enable to largely
overcome these problems, and imitate more closely indeﬁnite dielectric media with a local response. In particular, we report a strong all-angle negative refraction eﬀect, even
in scenarios where the characteristic size of the material is deeply subwavelength. The
response of the proposed structure is characterized using a homogenization model developed for the uniaxial wire medium with impedance loadings. Additionally, we consider a
layered mushroom structure (as a bulk metamaterial) and demonstrate partial focusing
of electromagnetic radiation.
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9.1

Introduction

In Chapter 6, it was shown that by periodically attaching metallic patches to an array of metallic wires it is possible to suppress spatial dispersion eﬀects. However, some
residual spatial dispersion is still observed for wide incident angles, and in particular the
considered designs do not exhibit all-angle negative refraction. In this work, we show
that at microwaves and low THz frequencies the SD eﬀects can be signiﬁcantly reduced
(even for wide incident angles) by loading the WM slab with insertions (lumped inductive
loads) [92]. Also, increasing the value of the inductive load reduces the plasma frequency,
and enables the design of an ultra thin structure with the electrical length of the unit
cell being much smaller than that of the structure without the loads, at corresponding
frequencies of operation. The proposed structure exhibits indeﬁnite dielectric response,
high transmission, and all-angle negative refraction below the plasma frequency. The
analysis is carried out using diﬀerent homogenization models [25, 26] developed for the
uniaxial WM loaded with conducting plates and (or) impedance insertions based on the
quasistatic approach (which assume uniform and discrete loadings), and take into account
the SD eﬀects in the wires. It is shown that there is a possibility to neglect the SD eﬀects
in the uniform-loading model which gives rise to a local model with Drude-type eﬀective
permittivity for the inductively loaded uniaxial WM. The numerical results of the proposed conﬁguration show a strong negative refraction with a near perfect transmission
at microwaves. Additionally, we consider the bulk metamaterial formed by wire medium
periodically loaded with inductive loads and patch arrays, and investigate the possibility
to obtain partial focusing.
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Figure 9.1. A 3D view of a two-sided mushroom structure with inductive loads at the wire-to-patch connections excited by an obliquely incident TM-polarized plane wave.

9.2

Homogenization models for loaded WM

The conﬁguration under study is shown in Fig. 9.1. The structure consists of an array of
parallel conducting wires with radius r0 directed along z in a host medium with relative
permittivity εh . The patch arrays are at the planes z = 0 and z = −h and the wires
are connected to the metallic patches through lumped loads. The period of the square
patches is a and the gap is g.
In Sec. 9.2.1, we review the general expression for the spatially dispersive permittivity
of a uniaxial continuously loaded wire medium. Based on this model the interaction of
electromagnetic waves with the structure of interest (Fig. 9.1) can be described using
homogenization techniques with diﬀerent levels of accuracy. One option, is to consider
that the eﬀect of the lumped loads can be approximated by a distributed uniform loading.
Within this framework, detailed in Sec. 9.2.2, the array of wires and lumped loads are
regarded as a bulk material. Thus, the eﬀective dielectric function includes the response
of both the wires and lumped loads. In general the dielectric function of such a bulk
medium depends on the wave vector, because of the eﬀects of spatial dispersion. A
simpler model can be obtained by discarding the dependence of the dielectric function on
the wave vector. Such a local model is described in Sec. 9.2.3. Finally, a third option
is to take into account the actual discreteness of lumped loads. Within this alternative
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and more accurate approach, the eﬀect of the lumped load is not incorporated in the
eﬀective dielectric function of the material, but rather taken into account through suitable
boundary conditions. This approach is discussed in Sec. 9.2.4.

9.2.1

Dielectric function for a continuously loaded WM

We model the wire medium using the quasistatic approach described in Ref. [25], which is
formulated in terms of an eﬀective capacitance and an eﬀective inductance per unit length.
The permittivity dyadic (Eq. 33, Ref. [25]) of the uniaxial WM hosted in a medium with
permittivity εh , and uniformly loaded with metallic patches and (or) impedance insertions
is expressed as follows:
(
(
)
)
kp2
ε̄¯
¯
= εh εt I t + 1 − 2
z0 z0 ,
ε0
kh − jξkh − kz2 /n2

(9.2.1)

where εt is the transverse permittivity [43] for the patch arrays separated by distance
√
h, kp is the plasma wavenumber of the WM deﬁned in Ref. [25], kh = k0 εh is the
wavenumber in the host medium, k0 = ω/c is the free space wavenumber, kz is the wave
vector component along z0 , and I¯t is the unit dyadic in the plane orthogonal to z0 .
In (9.2.1), n2 = LC/ (εh ε0 µ0 ) is the square of the slow-wave factor, which determines
the degree of non-locality of the material’s response. The larger is n the less important are
the eﬀects of spatial dispersion. The value of n is minimal when the wires are unloaded
and stand in vacuum, and in that case n = 1. In practice, the value of n can be tuned by
loading the wires with suitable loads. In the above expression for the slow-wave factor,
L is the eﬀective inductance per unit length of a wire in the WM as deﬁned in Sec. 5.3,
C = Cwire +Cpatch /h is the eﬀective capacitance per unit length of a wire in the WM loaded
√
with metallic patches as deﬁned in Ref. [25]; ξ = (Zw /L) εh ε0 µ0 , and Zw is the selfimpedance per unit length of a wire, which can include the load impedance, when the losses
in the wire are neglected (which is the case considered in this work), as Zw = ZLoad /h,
where ZLoad accounts for the type of the lumped load (inductive/capacitive).
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The quasistatic model of Ref. [25] does not take into account the granularity of the
structure along z, i.e., the loading is assumed to be eﬀectively continuous along the wires.
Here we improve this model to account for discontinuities in the distributions of wire
current and charge at the points of lumped insertions [26,92]. In what follows we describe
the homogenization models and in Sec. 9.3 apply them to the analysis of transmission
properties in the indeﬁnite dielectric media.

9.2.2

Uniform loading within period

Ignoring loading by the patches (εt = 1 and C = Cwire ) and assuming that each period of
the uniaxial WM is loaded with lumped inductance L1 (with an impedance ZLoad = jωL1 )
we may include the load impedance into the self-impedance of the wire, obtaining, when
the loss in wires is neglected, Zw = ZLoad /h. Then, the relative permittivity along z0
in (9.2.1), after substituting all the intermediate quantities and doing a simpliﬁcation can
be expressed as

(
)
k̃p2
εzz
= εh 1 − 2
.
ε0
kh − kz2 /ñ2

(9.2.2)

√
√
Here,ñ = n 1 + L1 /(hL) is an eﬀective slow-wave factor and k̃p = kp / 1 + L1 /(hL)
is the eﬀective plasma wavenumber. Alternatively, the same result can also be obtained
if the loading inductance is included directly into the wire inductance per unit length:
√
2
L̃ = L + L1 /h, so that ñ = L̃Cwire /(εh ε0 µ0 ) and k̃p = µ0 /(a2 L̃). It can be inferred from
(9.2.2) that with an increase in the value of the lumped inductance we have a decrease in
the plasma frequency and a dramatic reduction in the spatial dispersion eﬀects. It should
be noted that this simple approach treats the inductive insertions as uniform loadings
over the period, therefore the discontinuity in the charge distribution close to the point
where an inductor is inserted is neglected. However, even such a simpliﬁed model may
give a physical insight on the eﬀects of spatial dispersion in the loaded WM.
Following Sec. 7.3, the discontinuities in the wire current distribution I(z) at the points
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where the wires meet the patches are taken into account in this model by the following
additional boundary condition (ABC):
[

]
dI(z)
Cwire
±
I(z)
=0
dz
Cpatch
z=0,−h

(9.2.3)

with the plus sign used at z = 0, and the minus sign at z = −h. When a ≈ h and g ≪ a,
Cpatch ≫ hCwire and this ABC reduces to the one used in Ref. [18].
In addition to this, to account for the discontinuity in the tangential magnetic ﬁeld at
the two sides of the patch arrays, these arrays are modeled with the sheet admittance [23]
[ ( πg )]
k0 a
Yg = j(εh + 1)
log csc
.
πη0
2a

9.2.3

(9.2.4)

Local model

When ñ ≫ 1 the spatial dispersion in the loaded WM is negligible, and the material
can be described with a Drude-type local uniaxial permittivity. In this model, the relative permitivitty along z0 for the WM slab loaded with lumped inductances is obtained
from (9.2.2) by neglecting the wave vector dependence of the permittivity, resulting in:
(
)
2
k̃
εloc
p
zz
= εh 1 − 2
(9.2.5)
ε0
kh
with all the notations as deﬁned in Sec. 9.2.1. This model treats the WM slab with
inductive loadings as a local Epsilon Negative (ENG) continuous material, and takes
into account only the frequency dispersion. Since the local model does not take into
consideration the SD eﬀects in the WM, it does not account for the discontinuities in the
wire current distribution (I(z)), and, therefore, does not require the use of ABC at the
wire-to-patch connections.
Following the local model formulation presented in Sec. 6.2.2 of Chapter 6, the transmission and reﬂection properties for the structure shown in Fig. 9.1 can be obtained
in a similar way by matching the tangential electric and magnetic ﬁelds with the sheet
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impedance boundary conditions at the air-patch interfaces (with the admittance of the
patch arrays given by (9.2.4)). It should be noted that the local model predicts accurately
the response of the structure when the SD eﬀects in the inductively loaded WM are signiﬁcantly reduced (we show in Sec. 9.3, that this is the case in the considered structured
WM).

9.2.4

Discrete loading within period

The model from Sec. 9.2.2 can be further improved by taking into account the precise
position of the inductive load, so that this loading is not considered uniform over the
period anymore. Here, we characterize the WM slab as a uniaxial medium (for long
wavelengths) with the relative eﬀective permittivity ((9.2.1) with n = 1 and ξ = 0)
(
(
)
)
kp2
ε̄¯
¯
= εh I t + 1 − 2
z0 z0 .
ε0
kh − kz2

(9.2.6)

As in Sec. 9.2.2, the WM slab is loaded with the metallic patch arrays at the planes z = 0
and z = −h characterized by the sheet admittance given by (9.2.4). The impedance
insertions (lumped inductive loads) are placed at the wire-to-patch connection at the
plane z = −h (see Fig. 9.1).
Assuming that a TM-polarized plane wave propagating in the x-z plane is incident at
an angle θi on the conﬁguration shown in Fig. 9.1, the electric and magnetic ﬁelds in the
air region above the structure (z > 0) can be expressed as
Hy = eγ0 z − Re−γ0 z
]
−γ0 [ γ0 z
e + Re−γ0 z
(9.2.7)
Ex =
jωε0
√
where R is the reﬂection coeﬃcient, γ0 = kx2 − k02 , kx = k0 sin θi is the x-component of
the wave vector k. The ﬁelds in the WM region (−h < z < 0) can be expressed in terms
of the TM and TEM plane-wave modes of bulk wire media determined by the permittivity
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function ((9.2.6)):
+
−
γTM (z+h)
−γTM (z+h)
e−γTEM (z+h)
eγTEM (z+h) + BTEM
Hy = A+
+ A−
+ BTEM
TM e
TM e

Ex =

(
)
j [
−
γTM (z+h)
−γTM (z+h)
γTM A+
e
−
A
e
TM
TM
ωε0 εh
( +
)]
−
+γTEM BTEM eγTEM (z+h) − BTEM
e−γTEM (z+h)

)
kx η0 ( + γTM (z+h)
−
−γTM (z+h)
A
e
+
A
e
(9.2.8)
TM
TM
k0 εTM
zz
√
( 2
)
√
2
2
= kx2 + kp2 − k02 εh , γTEM = jk0 εh , and εTM
zz = εh kx / kp + kx is the relaEz = −

where γTM

±
tive permittivity along the wires for TM polarization. A±
TM and BTEM are the unknown

amplitudes associated with the TM and TEM ﬁelds in the WM slab, respectively. The
tangential electromagnetic ﬁelds in the air region below the structure (z < −h) are written
as
Hy = T eγ0 (z+h)
Ex =

−γ0 γ0 (z+h)
Te
jωε0

(9.2.9)

where T is the transmission coeﬃcient. At the patch array interfaces z = z0 = 0, −h, the
tangential electric and magnetic ﬁelds can be related via the two-sided sheet impedance
boundary conditions as,

Ex = −

)
1 (
Hy |z=z0+ − Hy |z=z0−
yg

(9.2.10)

with the Ex - component of the electric ﬁeld continuous across the patch grid,
Ex |z=z0+ = Ex |z=z0− .

(9.2.11)

where yg is the grid admittance of the patch array given by (9.2.4).
In order to obtain the reﬂection and transmission using the discrete loading model,
additional boundary conditions are required at the junction of the metallic interfaces.
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The ABC at the connection of the metallic wires to the metallic patches (z = 0) is given
by (9.2.3), and the generalized additional boundary condition (GABC) for the microscopic
wire current I(z) at the connection of the lumped loads to the metallic patches (z = −h):
[

(
)
]
dI(z)
Cwire
− jωCwire ZLoad +
I(z)
= 0.
dz
Cpatch
z=−h

(9.2.12)

Now (9.2.3) and (9.2.12) can be written in terms of the ﬁeld quantities, by expressing
the microscopic current I(z) along the wires in terms of the macroscopic electromagnetic
ﬁelds:
[(

dEz
dHy
k0 ε h
+ kx η 0
dz
dz

)

]
Cwire
+
(k0 εh Ez + kx η0 Hy )
=0
Cpatch
z=0

)
dEz
dHy
k0 εh
+ kx η0
dz
dz
)
]
(
Cwire
= 0.
(k0 εh Ez + kx η0 Hy )
− jωCwire ZLoad +
Cpatch
z=−h

(9.2.13)

[(

(9.2.14)

The reﬂection/transmission properties of the structure under study using the discrete
loading model can now be easily obtained by solving (9.2.10), (9.2.11), (9.2.13), and
(9.2.14). In the next section, the predictions of the developed analytical models are
presented along with the numerical full-wave results.

9.3

All-angle negative refraction

As a ﬁrst step, in order to validate the homogenization models (uniform-loading and
discrete-loading), we consider a scattering problem where an obliquely incident transverse magnetic (TM) plane wave illuminates a structured material slab with the following
dimensions: a = 2 mm, g = 0.2 mm, h = 2 mm, r0 = 0.05 mm, εh = 10.2, θi = 60◦ , and
L1 = 0.2 nH. The transmission and reﬂection properties for the structure shown in Fig. 9.1
can be obtained for the case of uniform-loading model by writing the ﬁelds in the WM
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region as a superposition of the plane-wave modes determined by the permittivity function (9.2.2), and by matching the tangential electric and magnetic ﬁelds at the air-patch
interfaces using the two-sided impedance boundary conditions. Also, we require the use
of ABC (9.2.3) at the connection of the metallic wires to the patches. It should be noted
that the uniform-loading and discrete-loading models presented here can in general be
applied to any type of loads (deeply-subwavelength inclusions). However, in the present
work we focus our attention only on the inductive loads.
The transmission properties (magnitude and phase) of the structure obtained from the
uniform-loading model, discrete-loading model, and the local model are shown in Fig. 9.2.
It is seen that the results of the three models are in a reasonable agreement with the
full-wave results obtained with HFSS [44], except for a small shift in the frequency corresponding to the plasma resonance. However, the results of the local model show spurious
resonances in a very narrow frequency band in the vicinity of the plasma frequency where
εloc
zz = 0. In full-wave simulations it is assumed that the load is connected to the patch
through a gap of 0.1 mm. In practice, insertion of load introduces non-uniformities in
the current and the charge distributions, therefore, the correction terms describing the
parasitic inductance Lpar and parasitic capacitance Cpar should be taken into account
in the expression for the load impedance. However, for simplicity in the present work
we ignore the eﬀect of the parasitic elements because it is rather small. From Fig. 9.2,
the plasma frequency is 10.6 GHz, which is reduced when compared to the case of no
impedance insertions (short circuit) with the plasma frequency of 12.14 GHz. This conﬁrms that by using the lumped inductances we have a decrease in the plasma frequency.
Moreover, the fact that the response of the local model is close to that of the full-wave
simulations, conﬁrms that the eﬀects of spatial dispersion are negligible. In the rest of the
paper, we employ the discrete-loading model to study the transmission properties and to
characterize the negative refraction.

133

1

0.8

|T |

0.6

0.4

0.2

0

6

8

10
12
Frequency [GHz]

14

16

14

16

(a)
180

arg (T ) [◦ ]

90

0

−90

−180

6

8

10
12
Frequency [GHz]

(b)
Figure 9.2. Transmission characteristics for the two-sided mushroom structure excited by a TM-polarized
plane wave incident at 60◦ as a function of frequency. (a) Magnitude of the transmission coeﬃcient. (b)
Phase of the transmission coeﬃcient. The solid lines represent the results of the uniform-loading model, the
dashed lines are the discrete-loading model results, the dot-dashed lines are the local model results, and the
symbols correspond to the full-wave HFSS results.
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Figure 9.3. (a) The magnitude and phase of the transmission coeﬃcient for the two-sided mushroom structure
excited by a TM-polarized plane wave incident at 60◦ as a function of frequency. The solid lines represent
the homogenization results and the symbols correspond to the full-wave HFSS results. (b) Transmission
magnitude and phase as a function of the incidence angle θi calculated at 11 GHz. The solid lines represent
the homogenization results and the symbols correspond to the full-wave CST Microwave Studio results.
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Now, we ﬁx the plasma frequency (12.1 GHz) and increase the inductive load L1 and
decrease the permittivity εh of the structure simultaneously, with a motive to have a
smaller unit cell at the frequency of operation and better transmission characteristics.
Thus, the formed structure is of the following dimensions: a = 2 mm, g = 0.2 mm,
h = 2 mm, r0 = 0.05 mm, εh = 1, and L1 = 5 nH. The transmission characteristics
(magnitude and phase) of the structure obtained from the discrete-loading model for a
TM-polarized plane wave incident at 60 degrees are depicted in Fig. 9.3(a). It can be seen
that the homogenization results are in a good agreement with the full-wave HFSS results.
It is assumed that the load is connected to the patch through a gap of 0.1 mm. The
good agreement between simulations and theory reveals that the eﬀects of the parasitic
inductance and capacitance are negligible in the considered conﬁguration, and justiﬁes
that these were not taken into account in our model. It can be observed from Fig. 9.3(a)
that we have a better transmission magnitude (due to improved matching) when compared
to the results in Fig. 9.2. The percentage decrease in the plasma frequency of the proposed
conﬁguration when compared to the structure without the inductive loads is nearly 66 %.
Next, we characterize the negative refraction based on the analysis of variation in the
phase of T (ω, kx ) (transmission coeﬃcient for a plane wave with the transverse wavenumber kx ) of the material slab with the incident angle θi . Speciﬁcally, it was shown in
Ref. [8] that for an arbitrary material slab excited by a quasi-plane wave, apart from
the transmission magnitude, the ﬁeld proﬁle at the output plane diﬀers from the same
at the input plane by a spatial shift ∆ [see inset in Fig. 9.3(b)], given by ∆ = dϕ/dkx ,
where ϕ = arg(T ). The transmission angle can be obtained as θt = tan−1 (∆/h) (h is the
thickness of the planar material slab). Thus, negative refraction occurs when ∆ < 0, i.e.,
when ϕ decreases with the angle of incidence θi .
The homogenization model results of the transmission magnitude and phase as a
function of the incidence angle θi calculated at a frequency of 11 GHz are depicted in
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Figure 9.4. Discrete-loading model results of the transmission magnitude |T | (dashed lines) and the transmission angle θt (solid lines) as a function of the incidence angle θi calculated at diﬀerent frequencies. The
red lines and blue lines correspond to the results calculated at 10 GHz and 9 GHz, respectively.

Fig. 9.3(b) showing a very good agreement with the full-wave CST Microwave Studio
results. It can be observed that the phase of the transmission coeﬃcient (ϕ = arg(T ))
decreases with an increase in the incidence angle, except at large incidence angles where
we have a rapid variation in the magnitude of T (ω, kx ). This clearly shows that the
structure enables negative refraction. The spatial shift calculated at an incident angle of
33.3◦ corresponding to the maximum transmission is ∆ = −0.16λ0 (λ0 is the free space
wavelength calculated at 11 GHz). The electrical thickness of the structure is h = 0.073λ0 ,
and the calculated transmission angle is θt = −65.42◦ . It is interesting that in spite of the
structure being electrically very thin, it exhibits strong negative refraction at an interface
with air. In order to further characterize the negative refraction eﬀect, we have calculated
the transmission angle θt as a function of incidence angle θi at diﬀerent frequencies. The
calculations are based on the discrete-loading model and are depicted along with the
transmission magnitude |T | in Fig. 9.4. The results of the homogenization model predict
an all-angle negative refraction with a maximum transmission, which is observed in the
frequency band from 8.7 GHz to 10.8 GHz. The proposed structure is electrically very
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thin (< λ0 /15) in this frequency range.
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Figure 9.5. (a) Snapshot in time of the magnetic ﬁeld Hy when the array of loaded wires is illuminated by a
Gaussian beam with θi = 33◦ . The inset shows a zoom of the central region of the structure. (b) Amplitude
of the magnetic ﬁeld in arbitrary units (A.U.) calculated at (i) Solid blue curve: input plane, (ii) Dashed blue
curve: output plane, and (iii) Black curve: similar to (i) but for propagation in free-space.

To further conﬁrm these ﬁndings of the discrete-loading model, we have simulated1 the
response of the proposed conﬁguration excited by a Gaussian beam using CST Microwave
Studio [48]. The Gaussian beam has magnetic ﬁeld polarized along the y-direction and
θi = 33.3◦ . The array of loaded wires has the same unit cell as that used in the calculations
in Fig. 9.3. Both the Gaussian beam and the array of wires are invariant to translations
along y, and the width of the array of wires along the x-direction is 90a. A snapshot in
time of the magnetic ﬁeld at t = 0 is shown in Fig. 9.5(a) for f =11GHz, and the negative
spatial shift of the incoming beam as it travels through the deeply-subwavelength array
1

CST simulations were performed by Mário G. Silveirinha, Department of Electrical EngineeringInstituto de Telecomunicações, University of Coimbra, Portugal.
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of wires is quite evident. In Fig. 9.5(b) we show the beam proﬁle at a distance 0.5a above
the input interface (blue solid curve) and at a distance 0.5a below the output interface
(blue dashed curve). As a reference, we have also plotted the beam proﬁle when the array
of wires is removed, and the Gaussian beam travels in free-space (black curve, calculated
at the same plane as the solid blue curve). Based on these proﬁles, it is possible to obtain
the spatial shift by calculating the position of the center of mass of each curve (with
weight |Hy |2 ), and then the angle of transmission to the array of wires: θt ≈ −75.5◦ .

9.4

Partial focusing

In the previous section it was shown that the ultra-thin structure exhibits all-angle negative refraction and high transmission. These properties are highly desirable for the design
of planar lenses with good focusing properties. However, in order to visualize the focusing
of electromagnetic waves, a thick slab of the metamaterial is required.
With this motive, here we consider the case of the ultra-thin structure with the load
at the center (along the direction of the wires) as shown in Fig. 9.6, because of the ease in
obtaining the transmission response for the multilayered structure (bulk metamaterial).
The transmission properties are studied based on the discrete-loading model, exactly in
the same manner as discussed in Sec. 9.2.4, but with the additional boundary conditions at
the wire-to-patch connections given by (9.2.3), and the following GABCs at the junction
of the two wire mediums connected through lumped loads (z = −h/2),
I1 (z)|z=− h + = I2 (z)|z=− h −

(9.4.1)

dI2 (z)
dI1 (z)
−
+ jωCZLoad I1 (z)|z=− h + = 0.
−
2
dz |z=− h2
dz |z=− h2 +

(9.4.2)

2

2

Here, the position of the load is chosen to be at the center (however, it can be arbitrary along the length of the vias). The predictions of the homogenization model for the
transmission magnitude and phase (with the same structural parameters considered in
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Figure 9.6. Geometry of the mushroom structure with loads at the center (along the direction of the wires)
excited by an obliquely incident TM-polarized plane wave.

Fig. 9.3, but with 30◦ incidence and the position of the load is at the center) are shown in
Fig. 9.7. It can be observed that the homogenization results are in a good agreement with
the full-wave HFSS results. In full-wave simulations it is assumed that the load is inserted
at the center of the wires through a gap of 0.1 mm. The plasma frequency (corresponding to the transmission zero) is at 14.39 GHz; this is larger than the plasma frequency
predicted when the load is assumed to be at the wire-to-patch connection, which is at
12.1 GHz. The increase in the plasma frequency opens up a wider frequency band (below
the plasma frequency) where the structure enables negative refraction and also all-angle
negative refraction.
Now, we consider the multilayer structure with the typical geometry as shown in
Fig. 9.8. The multilayer structure is formed by cascading unit cells, with the same structural dimensions as that of the ultra thin structure. Here, we employ the powerful method
based on the transmission matrices, well-known in the microwave engineering [47]. The
multilayer structure can be viewed as a series of ultra-thin structures with a load at the
center (Fig. 9.6) connected through a loaded WM. It is known that the T-matrix of a serial
connection of several structures described by their T-matrices is simply a multiplication
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Figure 9.7. (a) Magnitude of the transmission coeﬃcient and (b) Phase of the transmission coeﬃcient
as a function of frequency for the mushroom structure with 5 nH load (at the centre) excited by a TMpolarized plane wave incident at 30◦ . The solid lines correspond to the homogenization results and the
symbols correspond to the full-wave simulation results using HFSS.
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Figure 9.8. Geometry of the multilayer mushroom structure with loads at the center.

of the matrices in the order determined by the connection,
Ttot = TU T TLW M .....TU T .

(9.4.3)

Here TU T is the T-matrix for the ultra-thin structure with the load at the center obtained from the calculated scattering parameters (S-matrix) and TLW M is the T-matrix
for the inductive loaded WM. Now the reﬂection/transmission properties of the multilayer
structure (Stot ) are obtained as follows:
[
Ttot =
[
Stot =

−t21 /t22

t11 t12
t21 t22
1/t22

t11 − t12 t21 /t22 t11 /t22

]
(9.4.4)
]
.

(9.4.5)

In order to study the possibility of partial focusing, we place a magnetic line source
at a distance d from the upper interface of the multilayer structure of thickness L, and
the radiation of the source is refocused to a point located at the same distance d from
the lower interface. It should be noted that in the case of Pendry’s lens [12] (formed with
ε = −1 and µ = −1), |θt | = |θi |, and consequently the thickness L = 2d provides perfect
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Figure 9.9. Homogenization results of the magnitude of the transmission coeﬃcient |T | for the seven-layered
mushroom structure as a function of frequency calculated at an incident angle of 45◦ .

focusing. However, in the considered indeﬁnite material the angle of transmission θt is a
nonlinear function of the incidence angle θi .
Now, we consider the case of the seven-layer structure formed with eight patch arrays
and seven inductively loaded WM slabs. The structural parameters are the same as
considered in the calculations of Fig. 9.7. The homogenization results for the transmission
magnitude as a function of frequency calculated at an incident angle of 45◦ are depicted in
Fig. 9.9. It can be observed that the structure exhibits a high transmission which is fairly
a constant except in the close vicinity of the plasma frequency. Next, we calculate the
transmission angle θt as a function of the incidence angle θi of the impinging TM-polarized
plane wave. Fig. 9.10 shows the calculated θt as a function of θi at the frequencies of 9.9
GHz and 11.5 GHz. The frequencies were selected based on the parametric study, such
that θt is reasonably a linear function of θi in the range 0 < θi < 45◦ .
The focusing properties of the seven-layer mushroom structure are studied using the
full-wave numerical simulator HFSS. The magnetic line source is created in HFSS by
considering a voltage source excited in the form of a square loop (in the x -z plane) and
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Figure 9.10. Homogenization results of the transmission angle θt as a function of incidence angle θi for the
seven-layer mushroom structure calculated at the frequencies of 9.9 GHz and 11.5 GHz.

considering perfect magnetic conductor (PMC) boundary conditions (Ht = 0) at the
planes y = 0, a. The artiﬁcial material slab was assumed periodic along the y direction
and ﬁnite along the x direction. The width of the slab was taken to be equal to Wx = 25a
along the x direction, with a = 2 mm being the period of the unit cell. The metallic
components (wires and patches) are modelled as copper metal σCu = 5.8 ∗ 107 S/m,
taking into account the eﬀect of the ohmic losses.
Fig. 9.11(a) shows the snapshot in time of the magnetic ﬁeld Hy at t = 0 in the
x-z plane, calculated at 10 GHz. It is assumed that the magnetic line source is placed
at a distance d = 7 mm = 0.23λ0 (λ0 corresponds to the free-space wavelength at the
operating frequency of 10 GHz) from the upper interface, and the image plane is located
at the same distance (d) from the lower interface of the slab. It can be clearly seen that
there is an intense partial focus of the magnetic ﬁeld inside the mushroom slab, and also
below the lens. However, the focal point at the image plane partially overlaps with the
lower interface of the slab. This may be due to the fact that the the transmission angle θt
is fairly a constant for the incidence angles θi > 30◦ , which results in a focusing closer to
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Figure 9.11. (a) Snapshot in time of the magnetic ﬁeld Hy with the magnetic line source placed at a distance
d = 0.23λ0 from the upper interface of the structure. (b) Square-normalized amplitude of Hy calculated along
a line parallel to the slab at the image plane. The frequency of operation is 10 GHz.
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the structure. Also in Fig. 9.11(b), we show the calculated square-normalized magnetic
ﬁeld proﬁle at the image plane. The magnetic ﬁeld is calculated with HFSS, along a line
parallel to the slab at the image plane. The calculated half-power beamwidth (HPBW)
is 0.4λ0 .
Next, in order to achieve a focal point below the interface of the slab we study the
focusing eﬀect of the same mushroom slab at the frequency of 12 GHz. The snapshot of
the calculated magnetic ﬁeld proﬁle is depicted in Fig. 9.12(a), clearly showing an intense
partial focus below the lower interface of the slab. The square-normalized amplitude of
the magnetic ﬁeld proﬁle as a function of x/λ0 is shown in Fig. 9.12(b). The calculated
HPBW is 0.38λ0 , and is smaller when compared to the case of 10 GHz. This is because
in the case of the 10 GHz, the focus point coincides with the lower interface of the slab
and is not exactly at the image plane, where we calculate the ﬁeld proﬁle.

9.5

Conclusion

We have shown that by loading the WM slab with inductive loads it is possible to decrease the plasma frequency of the uniaxial WM and reduce the spatial dispersion eﬀects.
By using the proposed concept of lumped loads, we have demonstrated that it is possible to design an ultra thin structure which exhibits all-angle negative refraction with a
high transmission, the response of which can be accurately predicted by the developed
homogenization model.
Also, we demonstrate a planar slab (lens) that focuses electromagnetic radiation both
inside the slab and below the slab. The calculated HPBW of the focus point at the image
plane is 0.4λ0 .

146

(a)
1

|Hy /Hmax |2

0.75

0.5

0.25

0
−1

−0.5

0

0.5

1

x/λ0

(b)
Figure 9.12. (a) Snapshot in time of the magnetic ﬁeld Hy with the magnetic line source placed at a distance
d = 0.28λ0 from the upper interface of the structure. (b) Square-normalized amplitude of Hy calculated along
a line parallel to the slab at the image plane. The frequency of operation is 12 GHz.
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Chapter 10
NEAR-FIELD ENHANCEMENT
USING UNIAXIAL WIRE
MEDIUM WITH IMPEDANCE
LOADINGS
Uniaxial wire-medium slab loaded with patches and impedance insertions (as lumped
loads) is proposed for the resonant ampliﬁcation of evanescent waves. Here, we present
the designs of the mushroom structure with inductive/capacitive loadings showing signiﬁcant ampliﬁcation of the evanescent waves. The analysis is based on the nonlocal
homogenization model for the mushroom structure with a generalized additional boundary condition for loaded vias. The analytical results are in good agreement with the
numerical simulations.

10.1

Introduction

Since the introduction of the concept of a perfect lens [12], there has been a great interest in the theoretical investigation and practical realization of metamaterial-based lenses,
that are able to restore both the propagating waves (focusing of rays by way of negative refraction as theoretically suggested by V. G. Veselago) and the evanescent waves
(recovering the ﬁne spatial features by resonant ampliﬁcation) of a source at the image
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plane. These lenses, also known as super lenses, exceed the performance of conventional
ones which are diﬀraction limited, and may have important applications in biomedical
imaging, sensing, non-destructive evaluation of materials, microwave heating, and many
other technological areas.
As it is well known, the evanescent wave ampliﬁcation in the Pendry lens is due to the
resonant excitation of a pair of coupled surface-wave modes (plasmon and anti-plasmon) at
the slab interfaces [93, 94]. Based on this concept, it was shown that one does not require
a bulk material to visualize this phenomenon, rather it can be achieved by using a pair
of resonant grids or conjugate sheets separated by a distance [95, 96]. Also, imaging with
sub-wavelength resolution can be achieved without employing materials with negative
eﬀective parameters [97].
In this work we investigate the enhancement of evanescent waves using the mushroomtype structures with loaded vias (lumped loads) through the resonant excitation of surface
waves, as a continuation of our previous study on reﬂection/transmission properties, natural modes, and negative refraction. It should be noted that a uniaxial wire medium
(WM) has been used previously to achieve sub-diﬀraction imaging [98]. However, the
imaging mechanism in Ref. [98] was based on the conversion of evanescent waves into
transmission-line modes (based on the principle of canalization), and does not involve the
enhancement of evanescent waves [99].
Here, we present the designs of the mushroom structure with inductive/capacitive
loadings showing a signiﬁcant ampliﬁcation of the evanescent waves. In the case of the
inductive loadings, it is observed that by increasing the length of the wires it is possible
to achieve the ampliﬁcation of the near ﬁeld. For capacitive loading, by tuning the
value of the lumped capacitance, it is possible to achieve a ﬂat dispersion behavior for
surface waves resulting in the near-ﬁeld enhancement. The analysis is carried out using
the recently developed homogenization models for uniaxial WM with impedance loadings.
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(a)

(b)

Figure 10.1. Geometry of the mushroom structure with the lumped loads at the center of the vias illuminated
by an obliquely incident TM-polarized plane wave. (a) Cross-section view and (b) top view.

The predictions of the homogenization results are validated against the full-wave numerical
results obtained using HFSS.

10.2

Structured WM slab

A geometry of the structured WM with loaded vias is shown in Fig. 10.1 with the TMpolarized plane-wave incidence. The patch arrays are at the planes z = 0 and z = -L and
the lumped loads are inserted at the center of the vias. Due to symmetry, the response of
the structure can be related to the response of a half of geometry with the PEC and PMC
ground planes, associated with the odd and even excitations, respectively. The analytical
expressions of the reﬂection coeﬃcient for the odd excitation is given by (8.2.5), and for
the even excitation can be expressed as follows [100],
(
)
1
Yg η0
εh kx2 tanh(γTM h) εh kp2 tan(KTEM h)
+
−
+j
γTM (kx2 + kp2 )
KTEM (kx2 + kp2 )
γ0
k0
Re = −
(
)
2
1
Yg η0
εh kx2 tanh(γTM h) εh kp tan(KTEM h)
+
+
−j
γTM (kx2 + kp2 )
KTEM (kx2 + kp2 )
γ0
k0
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(10.2.1)
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Figure 10.2. (a) Geometry of the mushroom-type HIS structure and (b) Dispersion behaviour of the proper
real TMx surface-wave modes of the mushroom HIS with inductive loading of 2.5 nH for diﬀerent thickness
(h = 1 mm and 5 mm). The solid lines represent the homogenization results and the symbols correspond to
the full-wave HFSS results.

with the notations as deﬁned in Chapter 8. Now, the reﬂection/transmission coeﬃcients
of the entire structure (Fig. 10.1) can be obtained by using the superposition principle as
1
(Reven + Rodd )
2
1
T = (Reven − Rodd ) .
2
R=

(10.2.2)
(10.2.3)

It should be noted that the reﬂection/transmission properties can be obtained using
the analysis presented in Sec. 9.4. However, here we take advantage of the symmetry of
the structure, resulting in the closed-form analytical expressions.

10.3

Inductive loadings

Here, we consider the mushroom-type structure with inductive loads (half of the structure
backed by a PEC plane in Fig. 10.1) as shown in Fig. 10.2(a). In Fig. 10.2(b), we plot
the dispersion behaviour of TMx surface-waves of mushroom-type HIS with inductive
loads for diﬀerent thickness of the slab. The structural parameter are as follows: a = 2
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mm, g = 0.2 mm, r0 = 0.05 mm, εh = 1, and h = 1 mm. Typically, the dispersion
behavior of surface-waves in the case of inductive loads is two-fold. It can be observed
from Fig. 10.2(b) for the case of h = 1 mm, at 10.35 GHz the phase velocities of the
forward and backward modes become equal (the vertical slope of dispersion curves is the
same) and the propagation of proper real (bound) modes stops, which corresponds to the
left bound of the stopband for the proper real TMx modes (where Re(kx /k0 ) ≈ 1.38).
It should be noted that, in order to have perfect ampliﬁcation of evanescent waves the
dispersion curve of the surface wave must be maximally ﬂat with kx when kx > k0 . Ideally,
the frequency must not change at all with kx (zero group velocity). Such a dispersion
behavior is not possible to obtain by tuning the value of the inductive load. However, it
is observed that with an increase in the thickness of the structure we have a decrease in
the frequency corresponding to the stopband for the proper real TMx modes, but with
an increase in Re(kx /k0 ). Such an increase in the value of Re(kx /k0 ) is highly beneﬁcial
for evanescent wave ampliﬁcation. Speciﬁcally, it can be observed from Fig. 10.2(b), for
the case of h = 5 mm, the frequency corresponding to the stopband for the surface-waves
decreases to 6.62 GHz and Re(kx /k0 ) ≈ 2.304. The homogenization results are in good
agreement with HFSS results, shown as symbols in Fig. 10.2(b). Next, we characterize
the transmission characteristics of the propagating and evanescent waves by operating at
the frequency slightly above the stopband for surface-waves.

10.3.1

Amplification of evanescent waves

Here, we consider the mushroom structure with the following dimensions εh = 1, a = 2
mm, g = 0.2 mm, L = 10 mm, r0 = 0.05 mm, and with an inductive loading of 5
nH (equivalent to 2.5 nH for a half of the geometry with the PEC ground plane). The
predictions of the homogenization model for the transmission magnitude |T | as a function
of kx /k0 , calculated at diﬀerent frequencies of operation are depicted in Fig. 10.3. In
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Figure 10.3. Magnitude of the transmission coeﬃcient as a function of kx /k0 calculated for the mushroom
structure with inductive load of 5 nH at the center along the direction of the vias at the frequencies of 5.8
GHz and 6.67 GHz.

Fig. 10.3, the solid curve corresponds to |T | calculated at the frequency of 6.67 GHz
(slightly above the frequency corresponding to the stopband for the proper real modes).
It can be observed that |T | is close to unity in the propagating regime kx /k0 < 1, except in
the close vicinity of kx /k0 = 1. In the evanescent regime where kx /k0 > 1, a transmission
peak (pole) occurs at kx = 2.32k0 . The magnitude of the peak greatly exceeds unity,
indicating strong ampliﬁcation of the near ﬁeld for the wave vector components in the
range 1 < kx /k0 < 4. Such ampliﬁcation due to the presence of the guided mode can
be eﬀectively used to amplify the decaying evanescent ﬁelds from the source, leading to
a partial recovery of the evanescent ﬁeld components. In the case of |T |, corresponding
to the frequency of 5.8 GHz (shown by the red dashed line in Fig. 10.3), there are two
transmission peaks in the evanescent regime at kx /k0 = 1.42 and kx /k0 = 5.27. However,
such a behaviour is not beneﬁcial for evanescent wave ampliﬁcation, because of the lower
transmission between the poles, and also due to the narrow range of the wave vector
components that are ampliﬁed at the poles.
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10.3.2

Imaging a line source

We characterize the imaging properties of the structure, with an inﬁnite magnetic line
source along the y-direction, placed at a distance d from the upper interface of the structure (with the geometry as shown in Fig. 10.4(a)). For a 2-D inﬁnite magnetic line source
Jm = ŷI0 δ(z − d)δ(x), we have
[
]
I0 k02 1 (2)
H(x, z) = ŷ
H (k0 ρ)
jωµ0 4j 0
where ρ =

(10.3.1)

√
x2 + (z − d)2 and H02 (k0 ρ) is the Hankel function of the second kind and order

zero. Assuming that the mushroom structure is unbounded in the x- and y-directions,
the magnetic ﬁeld at a distance d from the lower interface of the structure (image plane)
can be expressed by the Sommerfeld-type integral as

where γ0 =

√

I0 k02
Hy (x) =
jωµ0 π

∫
0

∞

1 −γ0 (2d)
e
T (ω, kx ) cos(kx x)dkx
2γ0

(10.3.2)

kx2 − k02 is the propagation constant in free space, and T (ω, kx ) is the transfer

function of the structure given by (10.2.3).
Now, we calculate the magnetic ﬁeld proﬁle at the image plane for the mushroom
structure with the same parameters as that of Fig. 10.3 by numerical integration of the
Sommerfeld integral given by (10.3.2). It is assumed that d = 0.05λ0 , and the magnetic
line source is in the plane x = 0. Fig. 10.4(b) shows the square normalized amplitude
of the magnetic ﬁeld proﬁle calculated at the image plane as a function of x/λ0 at the
operating frequency of 6.67 GHz. The black curve represents the magnetic ﬁeld proﬁle for
propagation in free space (2d = 0.1λ0 ), and the half-power beamwidth (HPBW) is equal
to 0.38λ0 . The ﬁeld proﬁle at the image plane when the structure is present is depicted
by the blue curve. Now the distance between the source plane and the image plane is
L + 2d = 0.3225λ0 , and the HPBW is equal to 0.13λ0 , which is three times smaller than
that for the free space propagation. For the propagation distance of L + 2d in free space,
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Figure 10.4. (a) Geometry of the mushroom structure with a magnetic line source placed at a distance d from
the upper interface, and the image plane at a distance d from the lower interface and (b) Homogenization
results of the square-normalized amplitude of the magnetic ﬁeld Hy calculated at the image plane. Black
curve corresponds to the ﬁeld proﬁle at the image plane for propagation in free space (without the structure).
Blue curve corresponds to the ﬁeld proﬁle when the structure is present. The frequency of operation is 6.67
GHz.

the HPBW is 1.14λ0 , thus, showing that the evanescent waves are signiﬁcantly ampliﬁed
in the loaded wire-medium slab. Fig. 10.5(a) shows the calculations of the magnetic ﬁeld
proﬁle at the image plane for the same structure but with an increase in the distance (d);
now 2d = 0.223λ0 . The HPBW when the structure is present (L + 2d = 0.445λ0 ) is equal
to 0.186λ0 . Notice that when the structure is present the total distance between the source
and the image plane is 2d + L = 0.445λ0 , while when the structure is absent the distance
is reduced to 2d = 0.223λ0 . For the propagation distance (2d) in free space, the HPBW is
equal to 0.8λ0 . It can be observed that inspite of the source and the image planes being
located at a large distance, the structure still signiﬁcantly ampliﬁes the evanescent waves.
The resolution of the proposed mushroom lens is λ0 /6. In principle, a better resolution
can be obtained by increasing the thickness of the WM slab.
In order to conﬁrm the predictions of the homogenization model the performance of
the proposed mushroom lens is studied using the commercial electromagnetic simulator
HFSS [44]. In HFSS, the magnetic line source is created by considering a voltage source
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Figure 10.5. Square normalized magnitude of the magnetic ﬁeld distribution calculated at the image plane
for the mushroom structure with inductive loadings. (a) Black curves represent the ﬁeld proﬁle when the
structure is absent, and red curves represent the ﬁeld proﬁle when the structure is present. (b) Magnetic-ﬁeld
proﬁles calculated at diﬀerent frequencies when the structure is present; red and blue curves correspond to
the operating frequencies of 6.67 GHz and 8 GHz, respectively. The solid lines represent the homogenization
results, and the dashed lines correspond to the HFSS results.
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excited in the form of a square loop and considering PMC boundary conditions (Ht = 0) at
the planes y = 0, a. The mushroom slab was assumed periodic along the y-direction and
ﬁnite along the x-direction. The width of slab was taken to be equal to Wx = 1.8λ0 along
the x direction. The eﬀect of losses is taken into account, and the metallic components
are modelled as the copper metal (σ = 5.8 × 107 S/m). The magnetic-ﬁeld proﬁles

Figure 10.6. HFSS simulation results showing the snapshot of the magnetic ﬁeld distribution Hy of the
inductively loaded mushroom structure. The magnetic line source is placed at a distance d = 5 mm from the
upper interface, and the image plane is at the same distance d from the lower interface. The width of the slab
Wx = 39a ≈ 1.8λ0 , and the frequency of operation is 6.67GHz

are calculated at the image plane along a line parallel to the slab, and are depicted in
Fig. 10.5(a) by dashed lines. It can be observed that there is a remarkable agreement with
the homogenization results, despite that the homogenization results refer to an unbounded
substrate, whereas the HFSS simulations refer to a ﬁnite width substrate. The results of
our simulations (not shown here for brevity) suggest that the width of the slab should
be signiﬁcantly larger, otherwise we have reﬂection of surface waves at the edges of the
slab which may signiﬁcantly alter the quality of the imaging. The reason for such a good
agreement is that we operate at a very low frequency where the period of the unit cell
a = 0.0445λ0 is much smaller than the wavelength, and the homogenization results capture
accurately the dynamics of the real physics process that takes place in the structured WM
slab. In Fig. 10.5(b), we show the imaging results calculated at the frequency of 8 GHz;
it can be observed that we have an increase in the half-power beamwidth when compared
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to the case of 6.67 GHz. The structure does not amplify the evanescent waves, because
we are operating in the regime where the surface-waves are not excited. A snapshot in
time of the magnetic ﬁeld (Hy ) at t = 0 in the x-z plane is shown in Fig. 10.6, for f =
6.67 GHz, and the partial recovery of the line source spectrum is clearly evident in the
image plane. Also, the resolution of the lens is nearly insensitive to the eﬀect of losses
which are considered in the numerical simulations.
It should be noted that the evanescent wave ampliﬁcation can also be achieved for the
mushroom structure (long vias) considered in this work without inductive loads. However,
the operating frequency is higher and the evanascent wave ampliﬁcation is not signiﬁcant
when compared to the case of inductive loads. In the next section, we consider the mushroom structure formed by short vias, and show that it is possible to achieve evanescent
wave ampliﬁcation by using capacitive loads. It should be noted that for this speciﬁc
case of short vias, it is not possible to achieve ampliﬁcation of evanescent waves using
inductive loads or for the case of short circuit (no loads).

10.4

Capacitive loadings

Here, we start with the analysis of the dispersion behavior of TMx surface (bound) waves
for the mushroom-HIS (see Fig. 10.2 (a)) with capacitive loads. The structural parameter
are as follows: a = 2 mm, g = 0.2 mm, r0 = 0.05 mm, εh = 10.2, and h = 1 mm.
The homogenization model results for the dispersion behavior of the normalized phase
constant, kx /k0 , of the TMx surface-wave modes of the mushroom structure with diﬀerent
loads are shown in Fig. 10.7(a). It can be observed that the homogenization results are
in a good agreement with HFSS. An interesting observation concerning the dispersion
behavior of surface-wave modes for the capacitive loads is that with an increase in the
value of the capacitive load the dispersion curve approaches the one obtained for the case
of short circuit (SC). This observation is also consistent with the reﬂection phase behavior
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(see Fig. 8.2). In Fig. 10.7(b), we plot the dispersion behavior with the capacitive loads
of 0.4 pF, demonstrating a ﬂat dispersion. The idea here is that one needs to start with a
mushroom structure which is free from spatial dispersion eﬀects, and introduces capacitive
loadings (increase of SD eﬀects). Now, with a proper choice of the value of the capacitive
load, it is possible to obtain the ﬂat dispersion for surface waves.
In the case of capacitive load of 0.4 pF, at the frequency of 10.69 GHz the phase
velocities of the forward and backward modes become equal (the vertical slope of dispersion curves is the same) and the propagation of proper real (bound) modes stops, which
corresponds to the left bound of the stopband for the proper real TMx modes (where
Re(kx /k0 ) = 2.67). The range of capacitive values for which one can achieve signiﬁcant
ampliﬁcation of evanescent waves is between 0.3 pF and 0.4 pF. This is because, for this
range of capacitances we have always a pole, such that kx a < π (kx a = π corresponds to
the Braggs condition in the ﬁrst Brillouin zone). Next we characterize the transmission
characteristics of the mushroom structure with capacitive loadings.

10.4.1

Amplification of evanescent waves

Here, we consider the mushroom structure with the following parameters εh = 10.2, a = 2
mm, g = 0.2 mm, L = 2 mm, r0 = 0.05 mm, and with a capacitive loading of 0.2
pF (equivalent to 0.4 pF for a half of the geometry with the PEC ground plane). The
homogenization results for the transmission magnitude as a function of kx /k0 , are depicted
in Fig. 10.8. In Fig. 10.8, the solid curve corresponds to |T | calculated at the frequency of
10.73 GHz (slightly above the frequency corresponding to the stopband for the proper real
modes). In the evanescent regime where kx /k0 > 1, a transmission peak (pole) occurs at
kx = 2.42k0 . Also, in Fig. 10.8, we plot |T | calculated for the capacitive load of 0.3-pF at
the frequency of 11.33 GHz (shown by dashed curve). It can be observed that in both the
cases, the magnitude of transmission |T | greatly exceeds unity in the evanescent regime,
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Figure 10.7. Dispersion behavior of surface-wave modes of the mushroom structure with the vias connected
to the ground plane through (a) inductive load (0.4 nH), capacitive load (0.2 pF), and short circuit (SC), and
(b) capacitive loads (0.2 pF and 0.4 pF).
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structure with capacitive loads of 0.2 pF and 0.15 pF, at the frequencies of 10.73 GHz and 11.33 GHz,
respectively.

indicating strong ampliﬁcations of the near ﬁeld. Next, we characterize the near ﬁeld
imaging characteristics of the mushroom lens by imaging a line source.

10.4.2

Imaging a line source

Now, we calculate the magnetic ﬁeld proﬁle at the image plane for the mushroom structure
with the same parameters as that of Fig. 10.8 by numerical integration of Sommerfeld
integral given by (10.3.2). The analysis is carried out using the same setup (shown in
Fig. 10.4(a)) as outlined in Sec. 10.3.2. It is assumed that the magnetic line source is in
the plane x = 0, and is placed at a distance, d = 0.062λ0 , from the upper interface of
the lens. Fig. 10.9 shows the square normalized amplitude of the magnetic ﬁeld proﬁle
calculated at the image plane as a function of x/λ0 at the operating frequency of 10.73
GHz. The black curve represents the magnetic ﬁeld proﬁle for propagation in free space
(2d = 0.125λ0 ), and the half-power beamwidth (HPBW) is equal to 0.47λ0 . The ﬁeld
proﬁle at the image plane when the structure is present is depicted by the red curve. Now
the distance between the source plane and the image plane is L + 2d = 0.196λ0 , and the
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HPBW is equal to 0.16λ0 , which is nearly three times smaller than that of the free space
propagation, thus, showing that the evanescent waves are signiﬁcantly ampliﬁed in the
capacitively loaded wire medium slab. In the analytical calculations the dielectric losses
have been taken into account with tan δ = 0.0015.
Next we compare the homogenization results with the numerical results using the
commercial electromagnetic simulator HFSS [44]. The simulation setup is exactly the
same as outlined in Sec. 10.3.2, except that the width of the slab along x-direction is
Wx = 35a, and a = 2 mm is the period of the unit cell. In HFSS simulations, the eﬀects
of losses is taken into account: the metallic components are modeled as the copper metal
(σ = 5.8 × 107 S/m), and a loss tangent of tan δ = 0.0015 is considered for the dielectric
substrate (commercially available RT/duroid 6010LM). The calculated square-normalized
magnetic ﬁeld proﬁles at the image plane when the line source is placed at a distance
d = 1.75 mm from the upper interface of the structure are depicted in Fig. 10.9(b), shown
as dashed lines. The simulations results predict the evanescent wave ampliﬁcation at a
slightly higher frequency 11.27 GHz, when compared to the homogenization results which
were obtained at 10.73 GHz. The calculated half-power beamwidth at the image plane
when the structure is present is 0.19λ0 , which is slightly larger than that obtained using
homogenization. Nevertheless, both homogenization and simulation results show that the
evanescent waves are signiﬁcantly ampliﬁed by the mushroom structure. It is important
to point out that even though we have a small disagreement, the model still captures the
pertinent propagation eﬀects. A snapshot in time of the magnetic ﬁeld (Hy ) at t = 0
in the x-z plane is shown in Fig. 10.10, for f = 11.27 GHz, and the partial recovery of
the line source spectrum is clearly evident below the lower interface of the structure. It
should be noted that inspite of the source and the image planes being located at a large
distance 2d/L > 1 when compared to the case of inductive loads (where 2d/L = 1), the
capacitive loaded mushroom lens has a resolution of λ0 /6.
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Figure 10.9. Square normalized magnitude of the magnetic ﬁeld distribution calculated at the image plane
for the mushroom structure with capacitive loadings. (a) Black curves represent the ﬁeld proﬁle for free space
propagation (without the structure), red curves represent the ﬁeld proﬁle when the structure is present, and
(b) same as that of (a). The solid lines represent the homogenization results calculated at 10.73 GHz, and
the dashed lines correspond to the HFSS results calculated at 11.27 GHz.
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Figure 10.10. HFSS simulation results showing the snapshot of the magnetic ﬁeld distribution Hy of the
capacitively loaded mushroom structure. The magnetic line source is placed at a distance d = 1.75 mm from
the upper interface, and the image plane is at the same distance d from the lower interface. The width of the
slab Wx = 35a ≈ 2.65λ0 , and the frequency of operation is 11.27 GHz.

10.5

Conclusion

In this work, we demonstrate a possibility of achieving evanescent-wave ampliﬁcation
by using the mushroom structure with capacitively/inductively loaded vias. In the case
of capacitive loadings, it is possible to obtain a ﬂat dispersion for surface waves which
can be obtained by appropriately tuning the capacitive load. The proposed designs of
mushroom lens for subwavelength-imaging are nearly insigniﬁcant to the losses, and a
resolution of λ0 /6 has been demonstrated. The analysis has been carried out using the
developed nonlocal homogenization models. The predictions of the homogenization model
are validated against the full-wave simulations.
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Chapter 11
CONCLUDING REMARKS AND
FUTURE WORK
Bulk metamaterials formed by stacked metasurfaces, graphene, and uniaxial wire media
with impedance loadings (to control the electromagnetic wave propagation) are considered
in this work. The previous chapters have presented the simple analytical circuit models
for the analysis of the metasurfaces, and homogenization models for the analysis of wire
media with arbitrary loads. The details of the developed homogenization model along with
the additional boundary conditions derived in a quasi-static manner have been presented.
The contributions of this work can be summarized as follows. First, we consider a
bulk metamaterial formed by stacked metascreens (2-D metallic meshes), and mimic the
observed transmission behaviour of the metal-dielectric stack at optical frequencies, in
the microwave regime. Also, we mimic the same behavior at low-THz frequencies, using
a stack of atomically thin graphene sheets. Additionally, we study an electromagnetic
ﬁltering structure formed with stacked metaﬁlms (2-D periodic distribution of square
conducting patches). The analysis is carried out using the simple analytical circuit-like
models. The physical mechanisms of the observed transmission resonances are clearly
explained in terms of the behavior of a ﬁnite number of strongly coupled FP resonators.
When possible, the application of this methodology is very convenient since it provides
a straightforward rationale to understand the physical mechanisms behind measured and
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computed transmission spectra of complex geometries. Next, we show a strong negative refraction in a signiﬁcant frequency band at microwaves by considering a bulk metamaterial
formed by uniaxial wire media periodically loaded with patch arrays. The metamaterial
conﬁgurations are modelled using homogenization methods developed for a uniaxial wire
medium loaded with periodic metallic elements (for example, patch arrays). Furthermore
we consider the general case of an wire medium loaded with arbitrary loads and derive
generalized additional boundary conditions in a quasi-static manner at the interface.
In the course of this research, additional contributions were made related to the topic
of a wire medium with impedance loadings. We have proposed a new route to reduce
the spatial dispersion eﬀects in the wire medium by the use of lumped inductive loads.
Based on the proposed concept we have demonstrated an ultra-thin design which exhibits
all-angle negative refraction and high transmission. Also, we have shown the applicability
of the concept in the design of compact EBG structures with a huge stop-band for surface
waves, which ﬁnds applications in antenna technology. Finally, we have demonstrated the
partial focusing of electromagnetic radiation by considering a bulk metamaterial, and have
also shown the possibility of achieving evanescent wave ampliﬁcation (near ﬁeld imaging)
using mushroom slabs with a very low-loss characteristic.
The research conducted in this work suggests quite a few interesting topics for future
work. The homogenization models considered in this work can be applied to an array of
tilted wires, which interact with the normally incident electromagnetic wave (unlike the
parallel WM considered in this work), and may have a high signiﬁcance in the antenna
applications. Also, the model can be extended to include nonlinear lumped elements,
which would allow to design tunable surfaces. The active tuning capabilities of metamaterial structures is highly desirable, but is a challenging task because of the large number
of inclusions. Mechanical tuning can be obtained for the proposed designs, by considering
telescopic wires, such that the frequency response of the structure can be controlled by
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varying the length of the wires.
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